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FOREWOR D

The determination of wave characteristics and the interrelation of
these characteristics is an important part of many coastal engincering
problems. The average height of a particular irregular wave train in
nature may be determined and estimated either from observation or from
prediction, bui frequently of egual importance is the wariability, or
degree of variability, of preceding and succceding waves about this average
value, How much higher is the maximum wave, how many times per hundred
waves is it apt to occur, with what particular period is it most apt te be
associated, what is the relation between wave heights exceeded a certain
percent of the time and the probable wave pericds associated with these
heights, etc., are all questions which are important to the design of
coastal structures.

A number of wave records from a wide variety of locations have been
subjected to a statistical analysis, and distribution functions of wave
heights and periods derived. If the wave length is regarded as equivalent
to the wave period squared (as is assumed in this report) length distribu-
tion functions may also be derived., The joint distribution relationships
between length or pericd and the wave lieights have also been obtained,
Following these distribution functioms, an analytical expression for the
families of wave spectra has also been derived. These spectra have been
compared with those proposed by others and are found to be in good agree-
ment with available data.

This report was prepared by Charles L, Bretschneider, a Hydraulic
Engineer in the Research Division of the Beach FErosion Beard, which is
under the general supervision of Joseph M. Caldwell, Chief of the pivision,
Although the major portion of the research described in this report was
carried out as a regular part of the approved research program of the
Beach Brosion Board, the work was originally initiated at the Agricultural
and Mechanical College of Texas as a doctoral dissertation by the author.
The work was carried on by the author at the Board, and submitted as a
dissertation at Texas A, & M. in January 1959. As such, it went through
the usual college channels; and received normal editing by the Bnglish
Department there. Subseguent to award of the Ph.D. degree, only minor
modifications have been made in the report. At the time of publication
of this report Major General W. K, Wilson, Jr. was President of the Board,
and R. Q. Eaton was Chief Technical Advisor. The report was edited for
publication by A. C. Rayner, Chief of the Project Develgpment Division.

Views and conclusions expressed in this report are not necessarily
those of the Beach Erosion Hoard.

This report is published under authority of Public Law 1066, 79th
Congress, approved July 31, 1945,
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WAVE VARTABIIITY AND WAVE SFECTRA FOR
WIND-GENERATED GRAVITY WAVES

By

Charles L. Bretschneider
Hydraulic Engineer, Research Division
Beach Erogion Board

ABSTRACT

Wave records from a wide variety of locations
have bean utilized in a statistical anal ysis of the
probability distributions of wave helghts and wave
periods; amd & family of wave spectra which allows
for an arbitrary linear correlation between wave
height and wave period squared is suggested, It is
found that the marginal probability distribution of
wave heights follows Rayleigh's distribution closely.
This conclusion is based upon 90 records of about
100 waves each plus several extra long records taken
in deep and shallow water. About half of these
records represent time sequences of water level at
particular locations and the other half are time
sequences of pressure at subsurface depths (from
which the wave heights were estimated using the
linear wave theory).

The Rayleigh distribution for wave height
variability has been suggested previously by Longuet-
Higgins and Watters. An apparently new result of
the pressnt work is that the marginal distribution
of the square of the wave period also follows
Fayleigh's distribution remarkably well. From the
Rayleigh distribution for wave length variabllity
it is possible to derive the marginal distribution
of wave period variability, also verified with the
available data.

An analytical expression which allows for
non-zero linear correlation between wave helght
and period squared is suggested for the joint
distribution of wave heipghts and periods. This
joint distribution is employed in the determination
of the mean wave period for the highest waves,
Also an analytical sxpression for the family of
wave spectra is derdived from the suggested joint
probability distribution of heights and periods.
The basic assumption underlying the suggested
spectra is the conditlon of linear correlation
between wave height and period sguared. Thesze



gpectra are compared with those proposed by
Darbyshire and Neumann and with the numerically
evaluated spectrum cbtained recently fram Frojeet
SWOP and are found to be dn good apreement with
the latter. The spectrum for a fully developed
sea, a zpecial case of the proposed family of
spectra, is also consistent with the measurements
of Burling and the thecretical work of Fhillips
which indicate that for high frequencies the
spectral emergy is inversely proportional to the
fifth power of the frequsncy. It is alsc found
that the present family of spectra predicis a mean
square slope of the sea surface which is in cloger
gocoord with the data of Cox and Munk than that
inferred from the spectra of Darbyshire or Neumann,

It is proposed that in the early stage of wave
generation the correlation coefficient between wave
height and period squared is nearly unity because
of the maximum possible steepness of the waves. As
the generation proceeds it is proposed that the
correlation decreases, ultimately approaching seroc
for a fully developed sea., OCorresponding to the
suggested behavior of the correlation coefficient
between wave heights and periods, the initial
spectrum is parrow and becomes wider as the penera-
tion continues, It is found that the so-called
"gignificant" wave pericd is closely related to the
optimum or medal value of the period spectra and
hence the energy of the waves as a group should
have a propagational speed approximately equal to
the group velocity of the significent waves.

A revision of the wave forecasting relation-
ships proposed in an earlier woerk by Bretschneldsr
are revised to take into aceount the variation in
spectral width.



CHAPTER I: INTRODUCTICH
1, QGeneral

Statistical characteristics of the ocean surface are of interest
in problems relating to the ercsion of beaches, design of coastal
and offshore structures, and the design and operation of floating
structures. Accumulated wave data, supplementing wave forecasting
techniques, have provided means of predicting the effects of wind-
generated waves at a coastline. The statistical characteristies of
the ocean surface are related to the wave spectra, which in turn may
be used to describe the process of wave gensration and wave decay.

The first great advance in recent years in the art of wave fore-
casting was made by Sverdrup and Munk (1947)%, who combined the
classical equations of hydrodynamies with empirical data to provide
relationships for forecasting waves for amphibious operations during
World War II. Their relationships were revised by Arthur (1547) and
again by Bretschneider (1951) when more wind and wave data became
available. This revised method has been referred to as the Sverdrup-
Munk-Eretschneider method, or simply the SMB method. Actually, the
B deserves littls credit since the impertant fundamental work was
performed by Sverdrup and Munk (19L7), after which the revisions
became relatively simple once the data were available,

These relationships became sven more valuable because of the work
by Putez (1952), who obtained empirical distribution functions for wave
heipght variability about the mean height and wave perioed variability
about the mean pericd, This information was utilized in a paper by
Bretschneider and Putz (1951).

Very shortly thereafter, Longuet-Higgins (1952) presented a
theoretical distribution function for wave height variability based
on the assumption of random phase and a narrow gpectrum,the distribu-
tion function of which is known as the Rayleigh™ distribution. It
is of interest to note that the Putz distribution and the Rayleigh
distribution are in very close agreement. Thils agreement is also
verified in the present study.

According tc Watters (1953) from her correspondence with Dr.
N. F. Barber, the Rayleigh distribution for wave height variability
can be derived with no knowladge of the wave spectrum, assuming only
that elevations of the sea surface with respect 1o time possess a
Gaussian distribution., Daba by Watters (1953) and more by Darlington
(195)) confirm the Rayleigh distribution. Thus, the narrow spectrum,

#Bibliopraphy beginning on page 182,

##50 called because it was derived by Lord Raylelgh in connection with
the theory of sound, See Rayleigh (1880).



the Gaussian distribution of surface elevations, and the Rayleigh dis-
tribtution of heights, are all one in the description of the ocean zea
surface,

Cartwright and Longuet-Higgins (1956) show that deviations from
the Rayleigh distribution may be explained by wvariation in apectral
width.,

The Gaussian sea surface has been discussed by Picrson (1954) and
?gain)in greater detall with wider applications by Longuet-Higgins
1957) .

Making use of the work by Lenguet-Higgins (19%2), Neumann (1953)
proposed a wave spectrum for a fully developed sea based on a multitude
of visual wave cbservations, This wave spectrum is the basis on which
is founded a method for forecasting waves described by Pierson, Neumann,
and James (1955), scmetimes referred to as the FNJ method.

Two other methods for forecasting deep water waves might alsc be
mentioned. The method of Darbyshire (1955) is based on wave data and
a wave spectrum somewhat different fram that utilized by Neumann (1953).
The method of Suthons (1945) is quite similar to that of Sverdrup and
Munk (1947).

A vary c¢bjective verification study of the above four methods was
mada by Roll (1957) and the general conclusion was that each method
gave the best results for the locatlons from which the bulk of corres-
ponding wave data were obtained. This conelusion is as should be

expected.

At present some controversiegs exist as to which method is the most
practical and the most accurate. Although these confroversies are
diseussed in the last chapter of the present study, it is not proposed
to make detalled comparisons of various methods of wave forecasting.
Such a comparative study is indeed a separate topic, and perhaps one
should wtilize the graphical techniques proposed by Wilson (1955), the
principles of which can be adapted to any method of wave forecasting.

2. Scope of Present Investigation

Essentially, the present study consists of four broad phases:
(1) marginal distributions of wave heipghts, lengths®, and periods;
(2) joint distribution of heights and lengths (and heights and periods);
(3) a development of wave spectra from the joint distribution functiong
and (i) revisions in wave forecasting relationships., This study is
presented in nine chapters. At the end of the present chapter some of

#For the purpose of this paper the "length" is computed from the wave
period and is utilized as L = T2, arbitrary units.



the wave theory is briefly reviewed. Brief summaries of other chapters
follow below.

Chapter II describes the nature and source of wave data. Types of
wave recording instruments are briefly discussed. Methods used in
analyzing the wave records vary from one souree of data to ancther,
the reasons for which together with advantages and disadvantages are
discussed.

Chapter III discusses theory of wave variability for marginal dis-
tributions of heights, lengths, and periods. Chapter IV is the
presentation of wave data for comparison with the theory given in
Chapter ITI. It is confirmed that the Rayleigh distribution is
applicable tc wave heipght variability. In addition, it is shown that
the Rayleigh distribution is equally applicable for wave léngth (period
squared) variability. From the Rayleigh distribution of wave length
variability, a distribution function for wave period variability is
derived. A coamparison is made between theory and data and also with
the distributions proposed by Putz (1952). The agresment is very good.

Chapter V outlines the joint distribution between wave height and
wave length. It is shown that if the Rayleigh distribution applies to
both wave heignt and wave length variabdlity, it is impessible to derdive
a joint distribution function which is applicable throughout the entire
range of the correlation coefficient from +1 to =1, To partially over-
comg this difficulty a summation function is introduced. With certain
justifiable assumptions, and within certain limits of application, this
sumation function can be used to determine the mean wave length or the
mean wave period of wave heights greater than a given height. A
canparison between data and theory is presented in Chapter VI and is
fairly good.

Chapter VII presents a development of the wave spectra based on
the joint distribution of wave heights and lengths. This development
is made without any forelmowledpge of the joint distribution function,
except that linear regression between H and T2 is assumed.® Further-
more, the same marginal distribution function must describe both wave
height and wave length variability. In the final step, the Rayleigh
distribution function for length is introduced to cbtain the length
spectra of height squared, whieh is subsequently transformed into the
period spectra, and the frequency spectra. The spectra proposed
depend on the correlation coefficient between wave height and wave

length.,

Chapter VIII utilizes the wave spectra developed in Chapter VII,
together with additional wave data and other considerations, to obtain
a revision in the wave forecasting relationships. The wave specira
equation is transformed to include wind speed by use of the fetch

#5ymbols beginning on page 188,



parameter. These parameters include those for significant wave height,
mean wave height, significant wave period, mean wave period, correla-
tion coefficient between heipht and length, minimum duration of wind,
mean squard gsea surface slope, and the spectral width parameter. The
above are all functions of the fetch parameter. It is pointed out

that these revizions are by no means final, but only an additional step
forward in the betterment of wave forecasting, since more suitable wave
data should be forthcoming.

Chapter IX contains a summary of the preceding chapters, but the
main emphasis is devoted to compariscons of the various proposed wave
apectra. It is shown that the family of wave spectra presented in
this sgtudy is in better apgreement with available data than are the
other proposed wave spectra.

In addition, suggestions are presented for possible approaches
which might be utilized in future studies of wave wariability and
wave spectra, taking into account the change of correlation coeffi-
cient during the generation of waves and also the decay of waves.

3. Basic Considerations in Regard to Theory of Surface Waves

In order to understand the complex nmature of ocean waves, and the
importance of statistical representations of the sea surface and the
wave spactra, it becomes necessary first to review some basic concepts
of wave theory. Equations required for subseguent developments will
be summarized here. Derivations and discussions of these equations
are not repeated since they are readily available from Lamb (19L5).

In water of constant depth the wave celerity for waves of small
gmplitude can be represented by the equation of classical hydrodynamics

C2=(g/k) tanh kd (1.1)"

where d is the mean water depth, k = 27 the vave number, and g is

the accelaration of gravity. A simple wave is depicted in Figure
1.1,** where H, the wave height {equal to twice the wave amplitude},

is the vertical distance between two successive crests; and the period,
T, is the time interval between the passage of two consecutive waves.
The wave speed is related to wave length and period by

L=CT (1.2)

#Equations are numbered according to (1.1}, (1.23, (2.1), (2.2), etc;
the first number referring to FIRST ORDER HEADING (or chapter} and
the second to eguation number for that chapter.

#Figures are at end of each chapter.



which is in the form of distance squals velocity multiplied by time.

For deep water, defined as d= L/2, tanh kd tends toward unity,
whence from (1.1) and (1.2)

gLg (qT )2
B —— 1
Co= 2w 2 (1.3)
where the subscript o refers tc deep water,

Shallow water waves are defined as those in a depth such that
d= L/25 and (1.1) becomes with sufficient aceuracy:

Cé =gd (1.h)

This study considers only deep water wave characteristics
(Hos T; Lg). 4s a train of waves propagates from deep to shallow
water, only H and L change, but T remains unchanged., For shallow
water the wave characteristics H_ and L, may be obtained from Hg
and L, by use of tahles by Wiegei (l?Eh?.

The surface profile of a simple sinuscidal wave, such as
illustrated by Figure l.l, is given by

E=Acos 8 {1.5)
where
£ = swface elevation
A = H/2, wave amplitude

8 = kx - wt, phase position
w= 27, angular fregquency
m

Wave energy for a progressive sinusoidal wave consists of half
potential associated with surface elevation and half kinetic associated
with partiele wvelocity. The potential energy, average per unit of
surface area is glven by

L
= L N z .

where p is the mass density (slugs per cubic foot) and g is the
acceleration of gravity,

The kinetic energy, average per unit area, is given by
E E 1 { 2+ UE] d -—I. HE {1 ..”
hz'f-d > FI u Z IEFG +

The total energy, average per unit aresa, is given by



E=Ep+Ey = ngE (1.8)

lie Complex Nature of Ucean Waves

Eqs. (1.,1) through (1.8) are based on waves of small steepness,
and therefore are only approximate for higher waves. Furthermore,
this theory applies for simple sinuscidal waves, not necessarily
true of waves in general. In fact, seas are complex and appear at
times to be confused, whereas at other times they appear to be more
or less regulay. Waves travel in groups which are continuously
growing and decaying. Both the frequencies (or periods) and
amplitudes of individual waves appear o be changing, because wave
groups travel at different speeds, and what one observes at a
particular time is the resultant of varions frequenciss and amplitudes.
Interference constantly takes place. A typlcal wave record reproduced
from Putz (1952) is shown in Figure 1.2, A wide range of freguencies
(or periods) and amplitudes is present, comprising the statistical
distributions. Figure 1.3 is a scatter diagram of H and T, based on
wave data of hurricane "Audrey" 1957, California (il Campany {195?)
This record includes a number of breaking waves, and perhaps alsoc
waves after breaking, thereby being the most complex of any wave
record.

Because waves in general are variable both in periods and heights,
certain terms of statistical significance have been used in the past.

The significant wave height is the average of the highest
one-third of all waves present in a given wave train, usually of
twenty minutes duration or consisting of at least 100 consecutive
waves, The symbol is usually glven as Hy/3 or H the latter being
adopted for this study. The significant period iﬂ the average period
of the significant wave helghts, and is given the symbal T
T{H The significant height is related to the mean wave galght

Eﬁe record. The significant period cannot be related singularly
t-:: the mean wave period in the same sense that the significant
height is related to the mean height. The ratio of the significant
heipght to the mean height is more or less constant, whereas the ratio
of the significant period to the mean period is a function of stage
of generation or stage of decay.

Two definitions of wave period are found in the literature. The
wave period T is the tims interval between two consecutive erests,
which is the definition utiliged by Putz (1952). The mean wave
period is given the symbol T, The apperent wave period T is based
on time intervals betwsen zerc crossings of the still water level,
Wner waves are observed by use of a stop watch, or vhen wave records
are analyzed, the "apparent" wave period T is equal to the time
interval between twe consecutive zero-up crossings of the =till
water level. This method is that advecated by FPierson, Neumanm,
and James (1955). The mean “apparent" wave period is given the
symbol 7. Because of the method of analysis of wave records by the



two methods, there are more waves corrssponding {o T than there
are corgesponding tra T for the same time interval, This resulis
in T =T and e B R /3, but in general {T1f3]f- will be approxi-
mately equal to :E 1'/3

The complex nature of ocean waves leads to a family of wave
specira, varying with stage of generation or stage of decay as the
case may be. Both the period spectra and the frequency spectra are
used throughout the paper. It is important to distinpuish between
spectra and spectrum. The spectrum is a particular case of the
family of spectra. For the family of spectra derived in this study
the energy for high frequency is distributed gccnrding to w" where n
varies from -9 to -5, The special case of w™? is the spectrum far a
fully developed sea, and in unit or normal form is represented by a
single exponential curve for all wind speeds. Although in stardard
form a separate curve 1s dbtained for esach wind speed the tem
spectrum is still retained. From the above the term spectrum will
apply individually to thoee proposed by Neumann (1955), Darbyshire
(1952), and Darbyshire (1955];]; each of which when reduced to normal
form can be represented by a single curve.
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CHAPTER II: SOURCE AND NATURE COF DATA
1. General

Wave data from mumerous sources have been collected and analyzed
for this study. The present chapter describes the sources and rature
of these data, together with types of wave measuring instrumonts used
and the methods of wave record analysis. A large number of the wave
records were collected by other organizations, and in some cases the
data were avallable in tabular form. A total of 90 repgular length
records of about 100 waves each, and several extra long records
comprise the data from seven different sources. The records consist
of Pacific Ucean swell; deep water wind waves from small bedies of
water, Lake Texoma, Texas, and Fort Peck Heservoir, Montana; normal
wind waves from intermediate water of the Gulf of Mexdco; hurricane
wind waves in shallow water of Lake Ukeechobee, Floridaj a combinaticn
of hurricane wind waves and swell from hurricane "Audrey" 1957 in the
Gulf of Mexico; and wind waves froam the Berkeley wave tank, University
of California. Table 2.0 1s a summary of the sources of data.
Fipures 2.1 through 2.5 are location maps for areas of interest,

Methods of recording waves as well as methods of reading the data
from wave records vary, depending on sowrce and nature of data.
Details of the measuring instruments are not given, since such may be
found in avallable literature, in particular, Ceoastal Engineering
Instruments, edited by Wiegel (1956). Methods of wave record
analysis are discussed as pertain to zach source of iuave data.

2. Souwrce of Data

Table 2.0 sumarizes the sourcesfrom which wave records and/or
wave data were procured.

3. MNature of Data

The nature of data from the scurces given in Table 2.0 is dis-
cussed below.

Scurce (a) consists of the original data used by Putz (1952),
The wave station at Guam is not shown on the location map, Figure
2.1. GSubsurface pressure head type wave measuring instruments were
ugsed for Source (a). These instruments were developed by the
University of California and are discussed by Chinn (1949) and

Isaacs and Wiegel (1950). Table 2,1 reproduced frem Putz (1952)
plves a description of data from Source (a). The records shom in
Table 2,1 are continuous runs of 20 minutes duration sach. Mean wave
periods are between 9.2 and 1.l seconds, and mean heights hetwean
0.64 and L.58 feet. The method of chtaining individual waves (heights
and periods) from these records is called the Putz method. Figure 1.2
(Chapter I) is reproduced from Putz {1952), together with the follow=

ing excerpt:



Each wavs record of approximately 100 waves was
divided into sectlons representing individosl waves,
each maximm and minimm of the pressure trace being
counted az the crest and trough, respectively, of a
wave, On each wave record each trough-to-crest time
increment (designated "pressure half-wave period t4n)
and esach trough-to-crest height increment (designated
"pressure wave height H;") were measured. An approxi-
mate description of the surface being desired, each
of the latter heights was converted into a hypotheti-
cal "surface-elevation wave height Hy" means of the
formuls of hydrodynamic theory (Lamb, 1945)

o o 222]« fomf29)1- 5]

where d is the bottom depth, z is the instrument depth,
and L is the wave length for a sinusoldal wave train,
plven in terms of its wave perled T by the relation

g T? tanh 274

FE T
The variable Ty was obtained by doubling the values
of the half-wave period t; measured from the pressure
record to the nearest one-hglf second; the variable
Hj was then obtained by graphical means to the nsarest
one-fourth foot (Mark III record) or one-tenth foot
(Mark V record).

—L=0

Data in Table 2,1 represerits the data and method used by Putz
(1952), on which is based his final apalysis., The tabulated data for
these records were furnished for the present study by Prefessor J. W.
Johnson of the University of California, Berkeley.

Source (b) consists of deep water wind wave data from Fort Peck
Reservoir, Montana. Wave records were cbtained by the U. 5. Ammy
Corps of Engineers (1955)P and (1951), the records analyzed and the
data made available in tabular form. A step-resistance wave instru-
ment, develcoped at the Beach Ercsion Board and described by Caldwell
(1952) was uged for recording the waves. The instrment operated
for one minute out of each five. Twenty records of 100 waves each
were compiled, each from a perioed of time between 10 to 30 minutes.
These are non-continuous records, each consisting of 6 to B mimutes
of actual recording time. Table 2.2 gives a description of the data
from Source (b). It must be emphasized that these records are not
continuous, but are made up of one minute intervals separated by L
minutes of shut off, Such records may have certain objections, but
an attempt was made to select only those intervalsof time during
which the wind speed and direction remained relatively constant.
These records, however, have an advantage over the pressure recards,
Source (a), in that the low pericd waves are not attenuated, The
step-resistance gage glves a close trace of the surface fluctuations;
whereas, the trace from a pressure recorder must he converted to a
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DESCRIPIIVE DATA FOR TWENTY-FIVE OCEAY WAVE RECORDERS®

Location Depth Instrument Date Time Identi~- No.of
Feet Type h m h m fication Waves
Oc¢eanside,
Calif, L7 Mark V July 5, 184g 15 37 - 15 58 A 20
July 6, 19L9 06 57 - 07 17 B 112
July 6, 1548 16 00 - 16 20 # 89
July 6, 1949 17 05 = 17 25 D 86
Sept.23, 1948 09 15 - 09 35 E 90
64® Mark TIT Sept.23, 1948 15 15 - 15 35 F 95
Sept,23, 1948 21 19 - 21 39 G 9
Octe 3, 1948 22 20 - 22 L0 H 117
Octe U, 1948 OL 18 - O 38 I 113
Oct. 5, 1948 10 18 - 10 38 J 125
Octe. 11, 1948 21 586 - 22 16 K 103
Oct, 12, 1948 ©3 56 - 0L 16 L 107
Ogt. 12, 1948 09 56 - 10 16 M 105
Nov. 28, 1947 23 07 = 23 27 N 112
Nov. L, 1548 16 L8 - 17 11 0 101
Nove L, 1948 22 Lk - 23 11 P 103
June 2, 1949 05 33 - 05 53 Q 128
June 2, 1949 17 LO - 18 00 R 123
June 2, 199 23 L2 - 2l 0@ S 118
Heceta Head,53 Mark 11T Sept. 8, 1947 16 a4 - 16 24 T 130
Cuam, M.I. 60 Mark III Feb, 17, 1949 05 17 - 05 38 ¥ 112
Feb. 18, 1949 03 23 = 03 43 W 120
Feb. 18, 1949 20 37 - 20 =8 X 116
Pt.Arguello,
Calif. 83 Mark II1 July 22, 1949 22 00 - 22 22 T 90

#Reproduced from Putz (1952),

3Txcept records N, Q, R, and 5, which were taken at 68 feet.



surface trace, not necessarily being a true picture of the surface

fluctuations.

Furthermore, the work involved in the analysis of

surface records is less than that for sub-surface pressure records.

TABLE 2.2

DESCRIPTIVE DATA FOR TWENTY WIMND WAVE RECORIS
FROM FORT FECK RESERVOIR, MONTATIA

Wind Veloelty HEdEsRd

Ho
Station — in Miles per : ;
Tocation Late Time (131) Hour angE igan:;- wpf
b m hom Direction RAtLE. haves
II  Qcte 1h, 1950 14 12 - 14 22 20,7 ESE  Grouwp 1 100
II Oct. 1k, 1950 1L 52 - 15 22 19.7 ESE  Group 2 100
IT  Aug, 11, 1951 21 L2 - 22 O3 26.0 E Group 3 100
IT Aug. 11, 1951 22 08 - 22 28 26.7 E Group 4 100
III  Aug. 19, 1951 16 05 = 16 30 30,8 NNE Group 5§ 100
III  Aug. 19, 1951 16 35 - 16 &5 31.6 NNE Oroup & 100
IIT  Aug, 19, 1951 17 00 = 17 20 30,2 NE Group 7 100
11T  Aug, 28, 1951 23 13 - 23 33 30.4 ENE  Growp 8 100
IIT  Aug. 26, 1951 23 38 - 23 53 30.8 E Group 9 100
TIT  Aug. 28, 1951 23 58 - 00 13 29.8 ENE Group 10 100
II June 9, 1952 20 15 = 20 35 23.8 ENE Group 11 100
II June 10, 1952 01 55 - 02 15 26,6 E Group 12 100
ITI June 10, 1952 02 20 - 02 LO 26,5 E Group 13 100
II June 10, 1552 02 45 - 03 05 25.3 E Group 1y 100
II June 10, 1952 03 10 = 03 30 2li.2 ENE Group 15 100
II  June 10, 1952 03 35 = 03 55 22.2 ENE  Group 16 100
IT  June 10, 1952 Ok 05 - O4 25 21.1 ENE Group 17 100
II  June 10, 1952 0L 30 = OL 50 22.5 ENE Group 1§ 100
II  Jume 10, 1952 0Ol 55 - 05 15 23,9 ENE Group 19 100
II  June 10, 1952 05 20 - 05 L5 27,6 ENE  Oroup 20 100

In the analysis of wave records the crest-teo-trough or trough-to-

crest method was used, which is similar to the Putz method, except
that no pressure response factor is required for the step-resistance

wWave gapga,

the preceding trough to the following crest plus one-half the

The wave height is equal to one-half the elevation from

elevation from the crest to the following trough. The wave period
is equal to ong-half the time from the preceding crest to the wave
erest plus one=half the time from the wave crest to the following
crest, which is assumed to be statistically the same as the time

batween the preceding trough and the follawing trough.



Wave data from Fort Peck Reserveir ars deep water wind-generated
waves. Fetch lengths vary from 2 to 15 miles, depending on station
location and direction of wave approach. The effectiveness of the
fetch length in many cases is greatly reduced, in particular the 15-
mils fetch length, because of the limited fatch width or channel
restrictions, The effect of fetch width on fetch length for wind
wave generation is discussed by Saville (195L4).

The data from Fort Peck Reservoir were obtained in connection
with Civlil Works Inwvestigations, a preliminary report of which is
presented by the U, S, Army Corps of Engineers (1951). The tabulated
wave data were from correspondence files, U, 5. Amy Corps of
Engineers (1955).

Source (¢) consists of deep water wind waves, short fetches, data
from Lake Texoma, Texas, referred to as the Denison Dam data. Methods
of recording wavezs and compilation of data into non-continuous records
are the same as those used for Source (b). A total of 18 such groups
congisting of 102 to 148 waves were available in tabular form. In
addition, one long continucus record was made available, This record
was a result of faulty operation of the wave recorder, in that it
operated continuously for 152 minutes on December 8, 1951, During
this period of operation, the wind was from the north at a uniform
velocity of 25 miles per hour, A total of 3,300 consecutive wave
heights were tabulated. Because of limitations of time and persomnel,
anly 908 consecutive periods were tabulated. The above 18 groups of
data and the data from the long continucus record were ob d from
correspondence files, U. S. Ay Corps of Engineers (1955)°.

The data from Lake Texoma were obtained in conmection with Ciwil
Works Investipations, a preliminary report of which is presented by
the U. 8. Ammy Corps of Engingers (1953). Table 2,3 gives a descrip-
tion of the dats obtained from Lake Texoma, Texas.

Source (d) consists of hurricane wind waves in shallow water,
Lake Okeechobee, Florida. The step-resistance wave measuring
instrument was used as described for Sources (b) and (c¢). Actual
wave records available for this study were obtained from a report
by the U, 8, Army Corps of Engineers (1950). Sections of the records
wore selected for which wind speed and direction remainad relatively
constant, as well as the mean water depth, Such sections were used
to construct four non-continuous records of at least 100 waves each.
Fetch longths for Lake Okeechobee vary between 5 and 25 miles
depending on location of station and direction of approach of waves.
The total mean water depth of Lake Okeechobee varies from a few feeb
to about € to 10 feet, not including wind set-up. Maximum sustained
wind speeds were as great as 86 miles per hour. Table 2., gives a
description of the data used from lake Ukeschobee, Florida.

Source (s) consists of normal wind waves from the Gulf of Mexico.
These data consist of two long records, one having 1,500 consecutive
waves and the other 379 consecutive waves. A Beach Erosion Beard



TABLE 2.3

DESCRIPTIVE DATA FOR TWENTY WIND WAVE RECCRDS
FROM LAKE TEXOMA, TEXAS

Wind Velocity
Station in Miles per Record No.
Loeation Date Time (CST) Hour and Identi= of
h m h m Direction fication Waves
C  March 23, 1951 11 01 - 11 1a 29 NNE E-D 13
c March 23, 1951 12 g -~ 13 11 26 NNE F-D 121
C  March 29, 1951 09 47 ~ 10 26 32 NNW G-I 108
c March 29, 195l 10 56 - 11 36 30 NNW H-D 116
A Dec. 8, 1951 15 25 -~ 15 29 25 N L-D 118
A Dec. 8, 1951 15 31 - 15 35 25 N M~D 116
A  Dee., B, 1901 15 0 - 15 ;5 25 N N-D 108
A  Dee. 8, 1951 15 59 - 16 O 25 N 0-D 108
C Jan. 9, 1952 13 17 - 13 57 3 M P-D 127
C Jan, 9, 1952 1% 07 - 15 4T 5N G-D 125
C Jan. 29, 1952 10 51 ~ 11 31 39 N R-D 110
C Feb, 29, 1952 11 51 - 312 3 3B N S=D 11l
c Apr. 1, 1952 10 31 - 11 11 29 NNE T-D 147
c Apr. 1, 1952 11 21 - 12 01 30 NNE U-D 148
# Apr. 9, 1952 12 07 = 12 L7 29 NNW V=D 127
c Apr. 9, 1952 15 37 - 16 17 28 HuwW W-D 13
C May 10, 1952 09 L5 - 10 15 33 NNE X-D 109
¢ May 10, 1952 11 45 - 12 15 32 NNE ¥-D 107
A Dec., 8, 1951 1525 » AT 17 25N Long 3,808
A Dec. &, 1951 15 25 - 16 04 25 N Long
TABLE 2.1
DESCRIFTIVE DATA FOR HURRICANE WIND
WAVE DATA, LAKE OKEECHOBEE, FLORIDA
saun g, B Ged @
Location h m h m fication  Wawves
12 Aug. 26, 1919 23 b3 - 00 24 L,0.-1 131
Aug. 27, 1949 00 28 - 01 30 L,0.-2 15l
Aug. 27, 1949 01 34 - 02 35 L.0.=3 1a
Aug. 27, 1949 02 39 - 03 25 L.0.=L 115




(1952) sub=-surface pressure recorder was used. The instrument was
located off a Magnolia 0il Company platform, in 38 to 4O feet of

water, some 20 miles from the nearest land arsa off the Louisians
Coast. The pressure head was installed 30 feet asbove the sea boltom,
or about, B to 10 feet below the mean water surface, in order to obtain
a minimum of attenuation of low period waves. A refined in-place
calibration was made, using visual observations on a vertical staff,
supplemented with a limited amount of data cbtained with a movie camera.
The record, consisting of 1,500 consecutive waves, was obtained with no
definite purpose in mind, except that the wave instrumentation was used
in conjunction with other Texas A. & M. research orojects. The wave
gage was permitted to operate during the period of installation of
other instruments, primarily to keep it out of the way of the installa-
tion erews. The long wave record covered a period after the passage

of a severe cold front; the wind speed during this time remained
relatively constant between 30 and 35 knots from the north to north=-
northeast, That is, the wind was offshore, limiting the fetch to about
15 to 25 miles., These waves are of short enough period to be almost
deep water waves, but will be called waves in intermediate water, This
long record was analyzed as 15 groups of 100 consecutive waves each,

7 groups of 200 consecutive waves each, 3 groups of 500 consecutive
waves each, and 2 groups of 1,000 consecutive waves each. In addition,
the record was analyzed by considering the waves of sach first minute
of each five mimite section of the record, thersby building up a group
of 107 waves in a manner similar to that utilized for the data from
Lake Texoma, Fort Peck Reservoir, and Lake Ckeechobee.

The shorter record, 379 consecutive waves, is for wind waves from
the southwest, wind between 20 and 25 lmots. Because the fetch was
quite long, these waves are not deep water but truly waves of inter-
mediate water depth.

The above records were collected and partly analyzed at Texas
A, & M, on contract with the Beach FErosion Board, The completion of
the work was made at the Beach Erosion Board.

The method of record analysis used for the Gulf of Mexico data
is knownt as the zero-up crossing method originally propoged by Plerson
(1954), sometimes referred to as the Pierson method. This method is
depicted on Figure 2.6. It might also be memntioned that Pierson and
Marks (1952) also proposed a power spectrum analysis of ocean sub-
surface pressure records, For the Gulf of Mexico data used in this
paper, perhaps the power spectruu analysils was not necessary, since
the pressure head was located only 8 to 10 feet below the sea surface
rather than on the bottom and also a field calibration was performed.
In spite of this care, it is still believed that some wave heights of
the very low periods might have been atienuated undesirably. Table
2,5 gives a descripiion of the data used from the Gulf of Mexico,

Results of additiconal wave data obtained in the Gulf of Mexico
are summarized in a report by Bretschneider (195L), the method of
analysis being the significant wave method described by Snodgrass
(1951), The significant wave method is guite different from that

18



used for analysis of the Culf of Mexico data herein. In case of
sub-surface pressure recorders, ¢one pressurs response factor based
on the significant period 1s used to convert the significant pressure
height +to the significant surface height. As stated by Snodgrass
(1951) and shown by Pierson and Marks (1952), the significant wave
method can introduce considerable error. In the analysis used in the
present study, each wave period has a separate calibrated response
factor. Hence, these data are quite accurate, except perhaps for the
very low periods which might have been filtered out completely in the
pressure trace, in which case these waves will not appear in the
computed surface trace.

TABLE 2.5
DESCRIPTIVE DATA FOR WIND WAVES

OF THE GULF OF MEXICO
(MAGNOLIA PLATFORM 119F)

Wind Velcocily

i Hzcord NHo.

Date Time (65T) AR MUES BAr oonti- of
B om b m Direction Fieation Waves

Dec. 9, 1953 10 34,7 = 10 43.3 30 NE Gm1 100
Dec. 9, 1953 10 43.3 - 10 51,8 30 NE (3 100
Dec. 9, 1?53 10 51;8 -1 U{LE 31 NE G“B 100
Dec. 9, 1953 11 00,8 = 11 09.3 33 NE G-l 100
Dec. 9, 1953 11 09.3 = 11 17.7 35 NE G=5 100
Dec. 9, 1953 11 17.7 - 11 25,6 35 NE (=6 100
Dec. 9, 1953 11 25,6 = 11 33.1 35 NE G-7 100
Dec. 9, 1953 11 33,1 - 11 l3.2 36 NE G-8 100
Dec. 9, 1953 11 2.2 = 11 49.1 38 ENE G=9 100
Dec. 9, 1953 11 56,8 - 12 0L.B 440 ENE @-11 100
Dec. 9, 1953 12 oh,0 = 12 12.9 4O ENE G-12 100
Dec¢. 9, 1953 12 12,9 - 12 21,0 39 ENE G-13 100
Dec. 2, 1953 12 21,0 - 12 28,9 37 NE G-11, 100
Dec. 9, 1953 12 28.9 - 12 37.1 35 NE G=15 100
Feb, 26, 1954 10 10,0 - 26 SW G=-16 378
G-1-5 500

G610 500

G=7-15 500

G-1-10 1000
G-6=15 1000

G-X 107




Source (f) consists of wave data from hurricane "Audrey" 1957.
Three sections of wave records were made available through the courtesy
of the California 0il Company, New Orleans, Louisiana (1957). The
records were cbtained from the offshore platform in the Gulf of Mexlco,
location Bay Marchand, in 30 feet of water a few miles from the coast.
These data were recorded, using the self-calibrating step-resistance
wave gapge developed by the California Research Corporation, La Habra,
Califormia. The data consist of a mixture of swell propagated across
the Continental Shelfl and locally generated wind waves in shallow water,
The mean wave period and the mean wave height changed somewhat during
the period of record, this being the only disadvantage of the records.
Records were analyzed by the zero-up crosa method., Table 2,6 gives a
deseription of the data uzed from hurricane "Audrey".

TABLE 2.6

DESCEIPTIVE DATA FOR HURRICANE "AUDREY"

Record No,

Date Identi- of
fication Waves

June 27, 1957 Caleo 1 12
June 27, 1957 Calco 2 125
June 27, 1957 Calco 3 T0

Source (o) consists of wind wave data from a Berkeley wave tank,
University of California. TFive short records were obtained from a
report by Sibul and Tichner (1956). The parallel resistance wire
recorder, developed by the University of California and desecribed by
Morrison (1949), was used for recording these data. These records,
analyzed at the Beach Ercsion Beard, were not investigsted as completely
as those from the other sources.

TABLE 2.7

VESCRIFTIVE DATA FOR WIND WAVES
BERKELEY WAVE TANK

Record Tio.
Identi- of
fleation Waves
Run #2L 43
Run #25 L2
Run #35 36
Run #31 33
Run #15 3k
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UFPER FIGURE IS THE ZERO-UPCROSSING METHOD
LOWER FIGURE IS CREST-TO-TROUGH OR TROUGH~TO-CREST METHOD
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CHAPTER IIT: WAVE VARTIABILITY AND MARGINAL DISTRIBUTIONS
1. Jeneral

Wave variability implies that both the wave amplitudes and pericds
are constantly chanring with respect to time and space as discussed in
the preceding section. When H and T are considersd together in
varisnce, one gpeaks of joint distributlon. When H and T are considered
independently of each other, ome speaks of marginal distributions. This
chapter is devoted to the marginal distribution functions for wave
heipht, length, and period variablility. In order te study each independ-
ent variate, it is assumed that the Ergodic theorem applies, which in
effect states that a long run everage with respect to time is identical
to that in space. Previocus work on wave height varialdlity and wave
period variability ars cited in the references.

2, Standard Form and Neormal Form

In wave variability, the standard forms of wave charactaristics
are given in temms of H, T, and L, respectively wave_height, wave period,
and wave length, MAverage or arthmetic means are H, T, and L. The
normal form is obtained by dividing the standard form by the corres-
ponding means, and by dafinition

7= H/H
T= YT (3.,1)
A=L/L = TY/T2

These relationships and nobations are used extensively throughout the
text; a mumber of operations may be perfommed on the above equatlons.
For example, it can be verified easily that:

=F=)=]0

2=/ =10

- /5 =10

X B/ T/ =10

1
dn= — dH
v H

-3l

g

(3.2)

dr= J?- dT differentials

dh= - dL
T
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n
Sy =TS¢ standard deviations
S_ =Ls,
a =a

3y "3y
A3 S8s akewness coefficients
ﬂaL ‘ﬂa}k

Other simple operations can be made, but the above ares sufficient for
the prESEﬂt-

3., Marginal Distribution for Wave Helght

Putz Distribution: Based on the analysis of 25 wave records of
ocean swell Putz (1952) obtained for wave heipht variability the gamma
type distribtution function:

ol P ped
FiH= Tl J, 2P~ e by
4 =p[|+{H-ﬁ}/sH] (3.3)
P = _4_—

(%H}z

where F(H) is the cumulative distribution of H
Sy is the standard deviation of H from the mean
HEH iz the skewhess coefficient for H
[tp) is the gwma function evaluated for the argument x

Putz (1952) presents empirical relationghips for the standard devistion
and the skewness coefficient as follows:

Sy= Q.l9L B + 0,120

(3.4)
aaH— Q.SG
Eqs (3.3)when evaluated by use of tables for the incomplete gamma
functions ylelds the cumulative distribution., Given the mean height H,
the distribution function predicts the percent of waves equal or less
than a glven value of H.

Rayleigh Distribution: For wave height varisbility [Longuet-
Iﬁggfn'sl{‘wfﬂ and Watters (1953) the Rayleigh distribution may be
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written as:

pl)= K e=Bn? (See mote)™ (3.5)

Bq. (3.5) will be investigated and compared with that of Putz (1952)
and the results of Darlington (195h4),

The n™ moment about the origin is given by:
0
Mr-:J; 7" pin) d (346)

Using the tranaformation z=Bmg dz=27nBd7, and (3,5)
ong obtains

Mn= 55 (%)%J;m:% e? dz (3.7)

The integral is that of the gamma function, whence

n
e (0 £33

Forn=0 ton=[ one cotains

(3.9)

- 4
[

#nused by Longuet-Higging (1952) is from =%%= L

whersas
in this paper 7=H/H

x|
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From the above ths standard deviation skewness coefficient, and
kurtosis, respectively, follow

T Jm? —1=0.5227

i -3n2+2
ay = — = 0.63ll \3.10)

T ey
73 -4 +677 -3
= =3.245
'-'-lq,,',;|I (71})4

The Rayleich distribution (3+5) becomes
" T2

p(.,nz_z_i e 4 (3.21)

From (3.2) the standard form becomes

7+ H = THE )
piH) = e 712 (3.12
2 ° 4
The cumalative ddstribution is obtained from
n _Int
P(’i‘}=f P(Mdm=l-e 4 (3.13)
e or
in standard form
_ mH
PHI=1-e g7 (3.14)

Figure 3.1 is a comparison between (3.3) and (3.14).

Average Wave Height for Heights Greater than a Given Height: It
ia of interest to know heights of higher waves or tha maximum probable
height, once the significant waves are forecast. The average of wave
heights np above a given height % is obtained from:

fm’?p{"?] a7
j;m p(m) 47

ny= (3.15)
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Using the Rayleigh type distribution (3,11)

—Lmﬂd(e"w;i)

_p : (3.26)
" [Pl FE)

rme
The denominator of (3.16) evaluates at & ~g s and the
numerator may be integrated by parts

fudv =uv—fﬂ'du

(3.17)

du=dn v=g 4 y whelice

T 772 T
fCU nd (G'Tz) =¢-_£}'_ +fme_' "4 dn (3.18)
X %
or changing the liilts

9

The réemaining integral is the probability intepral and can ke
evaluatsad & use of tables [Pierce and Foster (1956)] where

u= /g n Thus (3.,16) becomes
T
[ 4 +l-¢p
T?D= T'J‘;lz (Eim)
-3
whers
X
D= sf‘fr* J; e_uz du (3.,21)

Representative values of =, are given in Table 3.1.
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TABLE 3.1

VALUES OF AVERAGE WAVE HEIGHTS
ABOVE A GIVEN HEIGHT

P 7

P
0,01 2.663
0.05 2.242
0,10 2,032
0420 1.796
0425 1.713
D430 1.642
0.333 1,598
0,540 1,521
0e50 1.118
0,60 1.328
0.70 1.2l
0.80 1.16l
0,50 1.0858
1.0 1,000

The significant wave belight is defined as the average of the
highest one~third waves, and corresponds to Mlp for p =0,333 in
Table 3,1 above, hence the symbol" 33, or in standard form the
significant helght is Hqy = H 33 = ]3.-598 f.

It was shown by Longuet-Hipgins (1952) that the most probable
value of the maximm wave height deponds on the length of recard or
the pumber of waves, . Table 3.2 gives values of Hpay/l4y and
Mmax = Hmax/H £for various values of N.
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TABLE 3.2
MOST PROBABLE MAXTMUM HEIGHTS

N Hmax Nmax = me'—_—
"33 H

10 Y X1 1.78
20 1.25 2,00
50 l.li2 2.27
100 1,53 2.5
200 1,64 2,62
SU'D 1-.1"? 2-33
1000 1.56 2.598

lie Marginal Distribution for Wave Length

At present no theoretical distribution function has been derdwed
for wave length variability. However, based on empirical data a garma
typs distribution function may be developed for wave lengin wvariability,
whish is very similar to the Putz distribution function for wave height
vardiability, In the next chapter on statistiecal analysis of wave data,
it is shown that the distribution function for wave lengliis can also
be represented by the Rayleigh distribution with the same dsgree of
accuracy as that for wave height wvariability., Thus

-

ptn-:%me-%}—‘- (3.22)
Z
. L . w L
piL) =% ———{_L_}z €Ay (3.33)

Statistical parameters for A are the sane ns those forq .

There may be a physical regson why the Rayleigh type distribution
applies for wave length variabllity as well as for wave height
variability, and perhdaps a theory may be proposed For such an snvelve-
ment, It is not the purpose of this study te develop amy such theory,
gince the data provide sufficisnit proof that the Hajyleiph type dis-
tribution is applicable to wave length varlability,

5S¢ Marginal Distribution for Wave Periad

Putz Distribution: Based on the analysis of 25 ocean wave records
of swell, Putz (1957) obtained for wave pericd variability the gamma
type distribution function
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—_— —_— e ——— o — — —_— e ——— - — —— - _—— — — —

F{T:.:—I_'I‘Tﬁfu N P
Q

u=p [|+ TS-;T] (3.2}1)

__4
p——-——}
(P37

mere F(T) is the cumulative distribution of T

St is the standard deviation in seconds
3 is the skewness coefficlent

I'ip) is the gamma finetion evaluated for the argument x.
tz (1952) relationships for standard deviation and skewness
coalficient are given by:

5. =0.313T7—0.752
T (3.25)
ay, =0.249 T +2.795

The stove relationships are intended for ocean swell. Obviously they
fail when T is less than about 2.5 seconds. Much of the wind wave
data analyzed for the present paper have periods of less than 2.5
saconds.

Period Distribution from the Rayleigh Distribution of Lengths:
The marginal disleibution funchtion for wave length variability (3.22),
cal te used to derive a theoretical digtribubtion function for wave
peried variacility by noting

plrydr=pi\ di (3.26)

A relationship betwesn X and t can be defined by

(3.27)
A=aT? , where
a iz a constant to be determined. Using (3.22), (3.26), and (3.27)
one shbains
wosTh
pli=wo2t3e " g (3.28)

daving cbtained the form of the distribution function for wave
rariod variability, it becomes necessary to zvaluate the factor a and
e naents.
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The n¥t moment M, about the origin becomes

oo
M= f ™ pini dt (3.29)
o

2.4
Using the transfommation =BT

dzr=wo® TidT,
and {3.28) one cbtains

n
oo
My = ( 43)4.[ 19 e Taz (3.30)
o

Ta

The intepral of (3.30) is of the gamma form, whence

n
. 4 +4
Mn-(ﬂtz) rot (3.31)
Thus
Mg = |
M|=l
My= T2 = 4= L.O787I5 (3.32)

My = T¥ = 1234196

Ma=T* =1.481564

From the above the standard devliation, skewness ccefficient; and
kurtosis, respectively follow:

o=V 12~1 =0.28056

ay = x2-3vP 2 _ _o.088 (3.33)

G

Td A B
aq = T 4+ BTE-3 =2 755

T (O-T)4
For normal distribution @350 and a,4=3.0. The distribution
function for wave period variability, Ea. (2,28) becomes

—0.675 v*%
plt)=2.T1t3 ¢ (3,34)
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or in standard form
a

o{T) = a.?-ﬁ'f% ¢~ 0675 (—;—) (3.35)

The corresponding cumulative distributions become

Plrl= =g 0675 7 (3.36)
PIT)= |_E—0.6?5(__1'_)4 (3.37)
T

Fipure 3.2 is a comparison between (3.24) and (3.37) for T=10
and 12 seconds, The cunulatives for # based on (3,13) and for t based
on (3.36) are showm in Fipure 3.3

6. Sumnary of Statistical Parameters

tatistical parameters piven above arc summarized in Table 3,3,
topether with the empirical relationships prasented by Putz (1952)
and Darlington (1954).

TABLE 3.3
SUMMARY OF STATISTICAL PARAMETZRS

Longuet-  Present

Reference Fatz Darlington  gipedng Paper
(1952) (195L) (1952) (1958)
Standard Deviation
0.LoH + 0,120 0.6 - 0,05 0,523 0,523
H - 0. 536H) _
S 0,313T- 0,759  0.LOBT - 0,676 - 0.280T
(0.331T )
St. - - - 0.523%
Skevwmness Coefficlent
934 0.80 0.631 0.631
“37 ~0,2L8T+ 2,795 - =0, 088
a3 - - O.671
E - _ 2,016 1,118
M3 1.57 1,603 1.595 1,595
M0 2,03 2,032 2,032
LSG - - 111‘18
A33 = - 1,595
Ao % - 2,032

*Least square through the origin.

36



It i3 seen from Table 3.3 that the statistical parameters based
on theory are in close agreement with those based on data by Putz (1952)
and Darlington (195L). Additional verification of these theoretical
relationships iz presented in the next chapter.
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CHAFTER IV: STATISTICAL ANALYSIS OF WAVE
DATA FOR MARGINAL DISTRIBUTIONS

1. General

An abundance of wave records from various sources has been
collected and analyszed to determine certain statistical wave parameters
which might be compared with the theorstical relationships given in the
previcus chapter. The source and nature of these data have been
discussed in Chapter I1.

2¢ Wave Helght Variabllity

To describe wave height vardability, certain statistical parameters
are svaluated, These include thz mean wave height, mean square wave
helght, standard deviation from the mean, skewness coeff{icient, average
wave heights for heights gresater than a given height, ete. Table L.1
is 8 sumary of data for wave height wvariability.

Mean Wave Height: The arithmetic mean wave height is obtained
from tis analysis of each wave record acecording to

3 W,

_"T |=l ] (hnl)

—_—

H =
where H is the mean height, Hy the individual wave height, and ¥ the

number of waves in the record.

Mean Square Wave Height: The wmean square wave height is obtained
from

Gl Lk ;’; 2

H"= "ﬁ' i H] U—L-E}
and in it form

—_ H

,,?2_ {-F[)E (Ih}}

Eq, (L.3) is related to the mean wave enerzy, and m2 can truly be
defined "the energy coefficient.”

Standard Deviation from the Mean: The standard (root-mean-square)
deviation from the mean wave helgnt Is given by

N H
W= Pﬁ -.E:; {hy _g]z} (Lols)
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The standard deviation from mean height has the dimensions of feet.
The unit form of standard deviaticon is non-dimensional and is given

by

5.1rI =y mE —~| (4.5)

Figure hel shows the relationship of Sy versus H for the wave data,
together with the thecretical relatiomship based on the Rayleigh
distribution. The relationship based on the Putz (1952) distribution
is also shown.

Skewnegsa Coefficient: The skewness coeflicient is given by

M ;
%3, TN i3 ( S ) tho8)

The skewness coefficlent is a non-dimensional parameter and may
be interpreted as a measure of the degree of asymmetry in the dis-
tributions, positive and nsgative valuss corresponding, respectively,
to frequency curves skewed to the right and left. The skewness
coefficient has the same mmerical wvalue whethor in standard er normal
form. Figure L.2 shows a scatter diagram of agzy, The theoretical
value ofaiy = 0.631 is shown by the horigontal line passing approxi-
mately through the mean of all data. Based on these data, it is seen
that ne relationship exists between aqy and H. The overall mean value
of a3 is in clese agreement with the Rayleigh distribution.

Average Wave Height Tor Heiphts Greater than a Given Height: The
average wave height for the nighest 50 percent, 33.3 percent, and 10
percent waves have been detcrmined and are summarized in Table L.1.
Fipure L,3 is a plot of data of Hgp versus H topether with the =
theoretical relationship. OSimilarly, Figure L4 is [or Hyy versus H,
and Figure L.5 is for Hyjg versus H. The agreement between data and
theory is surprisingly good. The scatter of data is greatest for Hip
versug H, but this should be expected, since only 8 tc 12 waves are
used to obtaln Hyg, whereas 30 to 35 are used to obtain H 3+ Figure
o6 is the relatiomahip for Hy,. versus H, where the solid line is
based on the most probable Hpg, = 2,L5E for N = 100 waves.

From the above analysis of wave height wvariability it can he
concluded that the Rayleigh distribution describes wave heignt
variability quite satisfactorily,
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TABLE U1

SMMARY OF WAVE HEIGIT DATA

Sonrce T S —5 B H H -
! H ne QEH 50 13 10

Record feet faot feat feet faet fest
a-i 1450 0,73 1.237 0,77 2.06 2.30 2.78 2.2
a-B Q.65 0. 36 1.306 0.69 0,085 1,10 1.6 1.9
a-C 0,95 0.48 1.255 0.48 1.35 1.52 1.90 2.3
a-0 0.87 0Ll 1.256 0.80 1.20 1.36 1.80 2:1
a-k 1.92 5 551 1.340 0.60 2.78 3.16 L1l L. B
a~F 1,82 0,98 1,289 0.3 2.61 2.90 3.71 65
a=it 2422 1.25 ¥ s 0,78 3.18 3.65 L. 69 5.8
a-H 2.07 1.31 1,401 0.62 3.10 3.5 .36 5.5
a=1 2uT3 1.53 1.314 C.lio 3.97 LoL9 5.72 Tl
a-J 1.13 0.66 1,341 0.70 1.66 1,90 2,50 3.0
a-K L,29 2.02 1,222 G.66 S.91 6,58 8.37 9.9
a-1, 3.19 1.68 1.261 0.hily L.5h 5.15 6.1 8.1
a-M 2.87 Teltd 1.241 0.1 4.03 L, 02 5.3 749
a-N 2.62 1.83 1.487 2.23 3.91 LW 60 6,65 11.5
a=0 63 2,40 1,268 0,48 650 Ta 32 9.22 11,3
a-F l4.62 2,06 1.1%9 O.h7 6,.2) 6,66 8.18 1o.L
a-q 2.65 2l 1.219 Ou L& 3.6 .07 500 63
a=R 2.29 1,2 1,312 1.19 3.00 3.73 5.22 .0
a-5 2.57 1,19 1,223 0.48 3.50 3.91 LB .8
a-T 1,06 0Lt 1,181 0.53 1.40 1.55 1.91 2.9
a-U 0.8 0,33 1.473 2.29 0,68 060 1,24 2.5
a-v 0,16 2,57 1,248 0,85 7.10 8,11 10.93 12,5
a=-u LI..E? .1..90 1119'& D.TE 5. TE 6;38 8-56 lG-B
a-X 3,06 1.19 1.151 0,48 .02 lie 4O 5.30 61a0
a=v 0,99 0.45 1,203 2,08 1.3L 1.58 1.8% 2.4
t-1 0.7 0,50 1,409 1.11 1,13 1.32 1,92 2.2
b= 2 0,70 0.70 1.306 .83 1.00 1,14 1.51 1.9
b= 3 1,39 1,00 1.523 0.66 2.21 2,62 3.35 1.0
b= L 1,5l 110  1.hk93  1.95  2,L0 2,82 3,69 1.8
b- 5 1,78 1,10 1.5418 0,56 2.63 3.02 L 00 £.2
b= 6 1,45 G593 1.9 2.16 2,20 2.581 3.26 L6
b= 7 1,58 1,00 1.420 2.03 2439 2.72 3.52 5.2
b= 8 1.30 0.75 1,337 0. L6 1.92 2,18 2.71 ‘3.2
b= 9  1.06 0463 1.357 0.52 1.57 1.79 2.2 3.0
b-10 0,96 0,70 1,532 1,55 1.5 1.75 2.55 3.6
b-11 1,12 0.63 1.320 0.55 1.6 1,688 2,36 3,0
b-12 1,78 1.00 1,312 0,29 2,58 2.91 3.65 L.l
b=13 1,87 1,10 1.33) 0.16 2,78 211 3.66 lj,2
b=1l,  1.4L8 1,00  1,h56 0.78 2.2% 2,61 3.08 L7
b-1% 1.L1 0,85 1.366 M. 36 del2 2.0 2,96 3,8
b-16 1,57 0,88 1,600 «<1.L8 2.26 2.56 3,17 4.1
=17  1.61 1,00 1,428 0,68 216 2.8y 3.74 L3
p-18 1.8, 0,91 1.350 0,10 2.27 2.54 3.1 3.6



Tm h.l
(Continued)

SUMMARY OF WAVE HEIGAT DATA

Source q 5y P az Hgo H33 Hio Hmax
and H
flecord feet feat feet feet feat feat
b-19 1.76 1.10 1,393 0.57 2.66 3.05 3.B86 5.2
b-20 2.03 1.19 1.342 0.08 .03 3.43 3.98 L5
C=E-D 0.73 0,51 1.489 0,97 1.13 1.33 1.80 2.k
g-F-D 0.60 0.45 1.563 1.kl 0,91 1.13 1.67 2.0
C-G=D 0.90 0.53 1.347 1.08 1,30 1.54  1.93 3.2
G-H-D 0.685 0.47 1306 =0,43 1.21 1.37 1.92 2.6
0 P 1.02 0.57 1.312 0.27 1,49 1.67 1.97 2.6
C-M-D 1.04 Q456 1,289 -0,04 1.L9 1.67 1,95 2.4
C-N=D 1.10 0,53 1.232 <0.04 1,51 1,67 2.0l 2aly
C-0=D 1.06 0,51 1,231 0.2 1.35 1.59 2,07 2.6
C~P=D 0.82 0.5 1,301 0.59 1.17 1.34 1.72 2.0
C-g-D 0.81 0.k 1.323 0.5) 1,20 1,34 1.68 2.0
C=R+D i.20 0.82 1,L68 1,00 1.83 2.15 2.96 3.8
C~-5-D 1.0k 0.73 1493 L.78 1.61 1.87 2.60 346
(~T=D 0,6l 0.36 1.317 0.87 0,93 1.06 1.3% 1.8
C-1U-D 0,73 0.5 1,379 0.65 1.09 Y.27 1.01 2,0
C=V=D 0,80 0.L% 1.376 1,11 1.17 1.37 1.83 2.6
C-W-D 0.77 0.36 1,219 6.71 1,15 1,33 1.77 2.2
C-X-I 0.99 0.57 1.332  =0,14 1.5 1,66 2,09 2.4

C-Y=D 0,91 0.53 1,339 0.98 1.29 1.50 2,02 3.0

d- 1 3.27 1.57 1.23 -0.18 .52 .98 6.32 Te5
d= 2 3.48 1.82 1.27 =0,07 .59 8.59  6.71 8.5
d- 3 2.57 1.2 1.2k 0.65 3,54  3.92 5,10 6.6
d- I 2.36 1.34 1,33 1.1 3,30 3.75 Del2 Ta5
a- 2,65 1.26 1.193 0, 31 3,56 3.9 L.B86 5.63
B= 3014 1.35 1,185 Q.40 .25 L.69 556 7.13
Q- EIE}-I- llc's 1-12? {}-95 3‘51 h.lﬁ" 5.[:5 éhm

-
(=
G
(=

2485 1433 1.216 0.53 3.88 li. 31 5.4

3,11 1,3 1,199  -1.14 L.25 Li.69 5.75

3.75 1.68 1.200 0.46 Bel3 5.69 &,90 8.2
.65 1.L6 1,161 ©.86 L. BB 0,31 6,00

e- L3k 1.90 1,192 0.83 5.81 650 8,19

8= h-jﬂ 1153 l-l?h 'Di?g 5- ﬂl 6-M£ B

g=10 L. 60 2.03 1.19L 0.75% 6,13 6,81 g. 812 11.8
E"""u Slhh 2-1:5 1}2(}3 {}15? ?Ihlh- 6131 1':'-25 lli'B
a-12 4.50 2.26 1,213 0.6 6,75 7456 9.21 11,0
e=13 L. 78 2,04 1.182 O.LB Ga.hly T.13 8.69 10,1
e-1l; h. L0 2613 1.233 0.73 5.6 6,81 .81 10,3
a=1§ l,.B5 2,19 1.203 0.38 6. 56 7.38 9.13  10.

SO O =T R s B
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TABLE L.1

(Continued)
SIMMARY OF WAVE HEIGHT DATA
5 = — H H H
5§zéce i Sy 7t 93, Hs0 33 o Fmax
Record feet feet feet faet feat feat

e=l to S 2,94 1,28 1.18 0,25 3.9L 1y, 38 5.2 .68
a-6 to 10 L1k 1.8l 1,18 C.75 b6 6.19 7.69 11,8
g-11 to 15 .08 2.24 1.21 0.E55 6.63 Tl 92 11.8
a=1 to 10 354 1.65 1.18 - 4. 75 C.25 6450 %i g

E-6 tﬂ‘ 15 I.L.Sl 2.{}3 -1.-2"3 - 5-13 6181 ﬂ-ll.d.l, -
g=16 1,08 1.B6 o | 1.56

a-17 5.2 2.29 1.18 0.71 T.22 §.00 9.86 1.6
=1 10,7 5.20 1,23 =h.72  18.1 16.7 20,1 2L.8
=3 11.7 5.70 1.24 1,00 16.2 17.6 21.0 28,1
f- 3 11,3 L.60 1.18 0.6L 15,0 1.6 20.8 25.5
g-2l 0.038 ©Q.011  1.12 - 0.0L6 0.052 0,062 0.063
g-158 0.103 0.053 1,27 - C.1L8 057 0,170 0.176
g-31 0,098 0,038 1,15 - 0.126 0.139 0,167 D0.171
g=25 0,058 0,022 1,16 - 0.071  0.078 0.091 0,097

3. Wave Length Varlability

To describe wave length variability for comparison with the Rayleigh
distribution, certain statistieal parameters are evaluated. These in-
clude the mean wave length, mean square wave length, standard deviation
from the mean, skewness coefficient, average wave length for lengths
greater than a given length, ete. The wave length is nobt a measured
quantity, but computed from theory, In the present analysis the deep
water wave length, whether in deep or shallow water, is given according
to the Adry theory (Lamb).

2
- 92; (L. 7)

Lo

It was found that the Rayleigh distributien applied in shallow water
only when the deep water wave length and not the shallow water wave
length was used. For the convenience of analysis the factor g/2w was
omitted and the subseript o for deep water was also cmitted., Thus for
this paper the deep water wave lergth is defined by

L = THsec?) (4.8)
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To ocbtain the actual deep water wave length in feet (L.8) must be
multiplied by g/2m. Table L.2 is a summary of data for wave length
variability, using L = T2,

Mean Wave Length: The arithmetic mean wave length is obtained
from the analysis of each wave record according to:

L= Lj= Tf (Le9)

ipmz
Mz

3 %3
N i=l M

Mean Square Wave Length: The mean square wave length is cbtained
from

Z

N 2z
L =5 .2 () (4410)

-
¥

and in wnit form

R

- 2
)‘2 = —-L— 2 T .1_';_)

Standard Deviation from tne Mean: The standard (root-mean-square)
deviation from the mean is given by

L=-'.q['-’3 o] et (4.22)
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The standard deviation from mean length in general has the dimensions
of feet, but since period sguared is used for lsngth, the dimsnsions
are seconds squared. The unit form of standard deviation is non-
dimensional and given by

Figure li.7 shows the relationship of Sy versus L for the wave data,
together with the thecretical relationship based on the Raylelgh
distribution. The agreement here is quite satisfactory.

Skewness Coefficient: The skewness coefficient is given by

| g Li-‘l-.)a
%, W i=|( S. (ba1k)

Fipure L8 shows a scatter diagram of aqj versus mean wave length

T (seconds squared). The thecretical value of a3, = 0.631 is shown
by the horizontal line passing approximately through the mean of all
data,

Average Wave Length for Lenpths Longer than a Given Length: The
average wave langth for the longest 50 percent lengths, 33.3 percent
lengths, and 10 percent lengths have been detemined and are surmarized
in Table 4.2, Figure L9 is a plot of data for Lgg versus I, together
with the theoretical relationship based on the Rayleigh distribution.
Similarly Figures L.10 and 1,11, respectively are for L3y versus L
and Lyp versus L. The agreement between data and theory is surprisingly
good, and is comparable to that for wave height variability. Figure
.12 is the relationship for Ly,. = 2.L5T for N = 100 waves,

From the above analysis of wave length variability it can be
concluded that the Rayleigh distribution describes wave length
variability quite satisfactorily.
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TABLE 4,2

SUMMARY OF [EEP WATER WAVE LENGTH DATA
(Note: L = T2 for corwenlence)

Source T 51, -5 az _'LSD L33 Lip
and 2 2 ; - > 2 2
Record sec gac san S0 gag

a-4 201 116 1.333 0,30 293 319 LO8

a-B 149 11 1.587 C.6L 248 287 357

a-0 207 105 1.257 =0,17 288 308 35k

a=D 218 79 1.132 «0,50 280 293 337

a-E 193 ge 1.194 0.56 258 287 a5l

a=-F 166 0 1,178 0,38 221 239 300

a-G 181 89 1.24,3 0,78 2L8 276 371

a-H 111 L8 1,187 1.26 1Lé 169 212

a-1 112 L3 1,135 0.32 150 161 202

a=J 98 58 1,350 1.53 1l 162 232

a-K 141 61 1.187 0.90 185 205 280

a-L 133 65 1.238 0.66 185 207 260

a-M 137 &3 1,212 076 185 205 273

a-N 128 72 1.315 0.57 187 215 260

a-0 194 102 1,278 0.24 276 310 381

a-P 193 S0 1.216 0,19 265 296 3L7

a-Q 68 38 1,185 1,26 117 126 165

a-f o8 7 1.220 0.682 133 148 194

a=3 106 Ll 1,172 O.Lk  1ld 160 194

a-T o8 LE 1,212 1.52 130 15 198

a-0 122 1 1.205  1.26 162 180 2hl

a-y L5 =7 1.154 0,18 189 209 21,8

a-W 134 T6 1.32L  0.52 197 221 274

a-X 132 g2 1.16h 0.26 172 186 228

a~Y 213 105 1,242 0.37 294 325 103 576
b= 1 L. BO o iy 1.259  1.62 6.54 T.4 10.8 13.0
b- 2 L.57 2.8 1.295 0,56 6,56 Te2 9.6 11.6
b= 3 5.98 3,26 1,296 0.L3 8.50 9.7 12.3 L
b= L 7.36 h.21 1.325 0O.11 10,81 12,2 1.5 18,5
b= § 7,61 5,32 1,500 0,90 11,85 Al 18.54L 23,0
b= 6 6.9 L.B9 1.566 1.3k 9.99 12,1 175 23.0
b- 7 6,83 L7 1.h29  0.64 1041 12,1 15.2 23.0
b- 8 5,60 3.69 1.h22 0.33 8.38 9.7 13.L 16,8
b" ? h.BE 31.-”4 1;602 2-146 ?-3 516 12-9 23-3
b-10 4.83 2,93 1.369 1.17 7.1 8.0 11.5 13,0
b=11 6.0 .25 1.hh2 -0.5L 9.0 10.4 1k.5 19.14
b-12  9.01 5,73 1.0k 1,09 13.3 18,5 22,0  2L.0O
b=13 734 L,,07 1,307 0.88 10.5 11.8 15.5 2l 0
b-1l,  6.21 3.93 1.0 0.87 9.2 10.7 1.6  19.4
b-15 7.50 L.BL  1.a7  1.3h 10.8 13.1 18.5 2L.0
b=16 EL6 ho10  1.403  1.33 2,5 Tl 15.2 19.4
be17 7.90 5,51 1,487 1.18 12,1 1.2 19.5 2l,0
h=-18 £.94 L7 1.02bL  1.39 10,1 12.0 16.4 2h.0



TABLE L.2
(Continued)

SUMMARY OF DEEP WATER WAVE LENGTH DATA

Source T 81, ? ag Lo L33 Iap Dmax
and L
Record sece secE sec? sec? sece sec®
b-19 710 5.7l 1.65)4 2.50 11.0 13,2 19.3 1.0
b=20 7,86 L.76 1.367 2.16 11.8 137 12.0 2h.0
$-E-D L9 2.55 1.323 1,74 balt Ta2 10.0 13.0
C-F-D 3.68 z.12 1,318 0.29 .3 6.0 Te5 9.6
C-03-D 6,66 2.082 1,179 0.08 9.0 9.8 11.7 12.3
C-H-D 5.98 2.59 1,187 0.50 8.0 8.9 1T:3: 12.3
C-1-D 7.20 L,0% 1.323 1.82 10.L 121 16.0 23.0
C-H=D 7.06 3.90 1,305 0.58 10,1 11.56 1.3 14,5
C=N=D Gy 342 1.278 (.30 9.3 10.5 12.5 16.0
C=0=D 706 L.4L48 1.403 0.79 10.6 12.4 15.9 21,2
C-F=D 5.65 2,58 1,205 1,20 T.5 8.4 11.3 13.7
G=0-0 5,85 3,08 1.277 0,63 8.2 9.3 12.2 16,0
C-R-D T.66 3.32 1.187 8.27 11,3 12.9 16,8 23.0
G-5-D £.69 .03 1.361 =0,33 10.0 11.4 14.7 21.2
£-T-D 3. 99 1,73 1,188 .09 5.6 6.3 T3 9.0
C-l-D 3.78 1.55  1.168 0,53 5.0 5.5 £.6 5.6
C-V=D g6l 3.3L 1,384 1.14 TuT 8.7 12.7 18,5
C-W-D .10 2,93 1.331 0.93 1.3 8.3 11,7 1k.b
Q=X=D .35 1,98 1,207 0.1i5 5e9 6.6 8.0 9.6
C~¥-D L.89 1.91 1.153 L1 6.2 7.0 2.0 1l
d- 1 13.2 10.4 1.63 0.97 20,7 2L.9 3h.3 hl.0
d- 2 158.7 13.5 1.52 1.75 28.8 33.6 L7 81.0
d- 3 21.3 1.3 1,45 1.03 32,3 37 8 c1.1 70.6
d- L 2.6 13.8 1.27 1.80 36.0 LO,B  E1,5 64,0
a- 1 27.6 10.2 1.137  <D.5L 35.7 L5.5 38,4 £1.8
g= 2 2648 13.8 1.265 1.75 33.6 36,5 L34 0o, 3
e~ 3 30.0 10.0 1.116 3.87 37.8 0.5 L6.9 £3.3
A= i 27.5 141 1.263 .79 38.5 L3.1 55.2 B2.8
e= 5 29.1 15,1 1.270 (.13 L1.3 Li6.5 59.0 L0
e- 6 2L.1 11.% 1.24l 1,07 330 8.5 L8.3 59.3
a- T 22.4 9.9 1,134 5.19 30,8 3.8 16 .0 67,2
e~ B 2h.6 9.9 1,162 2.2 31.7 3.8 L5.9 60.8
a= 9 23.3 8.9 1,16  =0,11 29.9 32.8 39,6 L9
e-10 2.2 9.6 1.187 0.91 29l 32,8 L3.6 504
e-11 23.8 8.7 1.13L =0,16 351 32.8 1.3 £3.3
e~12 2l 6 8.5 1,119 1.19 3.5 34.6  L2.5 50.L
e=13 21.9 10,2 1.168 0.58 32.5 35.9 L5 6.3
e-1l 2h.3 11.8 1.235 -0.77 33.5 368.3 I8.7 56.3
e=15 2h.9 A.8 1.12% 1.1 30,5 33.1 19,8 9.0
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TABLE 4.2
{Contirued

SIMMARY OF DEEP WATER WAVE LENGTH DATA

Sourece :-L- SL 5 aa LSG L 13 L:LG Lmﬂ.):
and A H }
Record see? sac2 5e o? secz sec2 sec
e=1 to § 28,2 12,8 1.210 1.20 37.4 h2.b LB.6 Bl 2
e- 6 to 10 23,3 16,1 1.186 1.50 31,0 3k, 7 a7 56.5
e-11 to 15  2L.5 9.7 1.5 0.0 3y 3h.9 k35 531
e= 1 to 10 25,8 11.5 1.198 1.55% 3h.2 38,6 46,7 60,0
p= 5 to 15 23.9 9.9 1,171 1.15 33.0 3.8 Ll 1 5l.9
oy I 22,0 11,2 1.26 D.83
e-17 3%.3 17.5 1,20 1,00 51,9 E7.9 ha2 123,72
s | 2.2 L2.0 1.59 0.97 34 121 163 207
£ 2 66,0 56,7 1,7h 1.86 106 izd 187 a2
-3 751 £2.7 1.50 0.3y 118 13 190 28y
=2k 1,11
g-15 1,17
g-31 L, o
g-25 1.16
3-35 1 [ 15

L, Wave Fariod Variability

A distribution funciion for wave period wvarisbility was derived
in Chapter III from the Rayleigh distribution for wave length varigbility.
Tor verification of this distribution function and comparison with that
given by Putz (1952), certain statistical parameters are evaluated.
These include the mean period, mean sguare wave period, standard
deviation from the mean and the skewness eoefficient, Table L.3 i3 a
swmary of data for wave period variabvility.

Hean Wave Period: The arithmetic mean wave period is vbtained from
the analysis of each wave record according to

-~
"
==

(ha25)

gz
__—'l
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where T is the mean period, Ty the individual period, and N the
number of waves in the record. Evidently the length of record in
geconds is t = N T.

Mean Square Wave Period: The mean sguare wave period is obtained
from

12 (La16)

-
[
i

"z

2=

and in unit form

(7}

Standard Deviation from the Mean: The stangard (root-mean-
square) deviation from the mean is given by

i

sp= 2 -] ? (4.16)

The standard deviation from mean pericd has the dimensions of seconds.
The unit form of standard deviation is non-dimensicnal and is given
oy

ST=M“;E - | (Ihlg)

Figure .13 shows the relationship of Sy versus T for the wave data,
together with the theorstical relationship based on the distritution
function for wave period variability derived from the Rayleigh distri-
bution of lengths. The agreement here is gquite satisfactory., The
relationship presented by Putz (1952) is alse shown, but is not in
agreement for the wind wave data.

Skewness Coefficient: The skewness coefficient is given by

e
it § [T,
ﬂaH N s ST (h-g‘a)
Figure 4.1l shows a scatter diagram of a,q Versus mean wave period
« The theoretical valua of ayp = -G.Oﬁé ig showm by the horizontal
ling passing approximately through the mean of all data, The relation-
ship given by Putz (1952) is algo given, Fipure N1l shows no
relationship between aqp and T. The scatter of data appears great,
but it must be remembered that 100 waves are too few in number to

expect a minimm of scatter in the skewness coefficient, and that the
overall average is more significant.
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TABLE L.3
SUMMARY OF WAVE FERIOD DATA

Euu;ua T St == @y TstQ] T(HBB} T(Hyg) TiHpgy)

an

Record gec 580 s58c sec s8C 5ec
a-A 13.4 L.62 1,119 -0.53 174 il P, 15.4 15
a-B 11.2 L. Bl 1,187 0.25 14,0 16.2 15.5 16
a0 13,7 .38 1,109 -0,91 15.9 16,2 156.3 16
a-D RATE N 3.21 1,050 -1.18 15.6 15,9 15.8 18
g~ 13.5 J2L 1,087 -0,26 14.7 hi 1L.2 14
a-F 12,6 2,65 1,000 -0,32 1.1 1.3 13.7 12
a=0 13.0 3. 1.069 0.1 1.0 14.0 15,8 1l
a= 10,3 2.26 1.0L8 0,38 10.6 10.7 10,9 11
-1 10.6 2.07 1,038 -0,13 10,8 10,9 11.0 11
a=J 9.5 2.77 1,085 0.5h 9.7 9.5 9.2 10
a-K 11.6 2.57 1,049 0.21 11.7 11.7 11.7T 12
a-L 11.2 2,77 1.061 024 11.8 11.7 11.4L 11
a=M 11.4 2.63 1.053 -0,20 11.8 11.8 12.0 12
a-N 10.9 3.08 1,080 0.37 10,8 9.8 8.1 10
a=D 13.L 3,74 1.078 -0.15 14,8 13,9 313.1 10
a-P 11,5 3.33 1.061 -0.15 13.9 1.3 12,9 12
a-Q 9,2 1.25  1.0L5 D.16 9.3 93 2,7 10
a-H 9-? 2,02 1-':'-'—13 ﬂ.&'l 9-? 916 FIL 10
a-3 1D 1,97 1,038 -0,05 9,9 10,1 9.3 11
a-T ?IT 14:92 l.ﬂj? Do?z Eih Eih 9-1]- F
a~ 1{3.1] 3-{15 14123 0163 1":‘-5 lGaj‘ 915 E
a-V 1.8 2.1 1.042 -1,21 12,3 12,2 153 12
a-W 11,0 3.5 1.104 -0,33 11.8 12.3 12,8 12
a-X 153 2,12 1,035 -0 bl 11,3 11,2 11,2 12
a=Y 1.1 3,82 1,073 =0.67 14,5 1h.7 13.6 1L
b- 1 2.13 0,51 1,057 0.71 2,29 2,25 1.97 1.9
b= 2 2,07 0.5L 1.067 2.35 2.30 2.3 2.32 3.1
b= 3 2.3h 0,71 1,091 0.03 2,61 2,87 2,681 2.2
b- L 2.59 0.82 1.099 0.32 2.99 3,30 2,93 2,5
b= & 2,86 1.03 1,18 0.15 3.0 3.18 2,93 2.6
b- 6 2.3  0.91 1,146 0.54 2,08 .83 2.95 2.9
b= 7 2.6 0,86 1.128 0.22 2.95 31,06 3,08 2.9
b= 8 2,30  0.62 1.073 L. 00 2.52 2.50 2.37 2.2
b= 9 2,07 0.73 1.126 25313 2.3 2.17 2,21 1.2
b-10 2.09 0,68 1,105 0,03 2,38 2.35 2.24 22
b-11 2.4l 0467 1,075 O.L8 2.62 2.62 2.25 2.7
b=12 2,85 0,9L, 1,109 0,25 3,20 3.08 3,16 L.L
b-13 2.60 0.76 1,085 0.02 2.93  2.89 2,83 3.2
b1l 2,36 0,80 1.114 0.26 2.75 2.79 2.05 2y
b=-15 2.61 0,83 1,101 D.63 2.98 3.14 3.21 2.5
b=-16 2.2 0.77 1.102 0.03 2.84 2,78 2,66 3,0
b=-17 .65 0.9 1.125 0.h5 3.11 .26 3.23 1.7
b-18 2.50 0.83 1,110 Ou2T 2.89 2.86 2.9l 2.5
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Sec sac sec
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TABLE 4.3
(Continued)

LRY OF WAVE TER

la
Al

BUk
SEC

and
Record

Source

Y

2.81
3.23
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3.09
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TABLE 4.3
(Continued)

SUMMARY OF WAVE PERTOD DATA

—_—

Sn;:;ce T S T2 2y TIHS{J TEH335 T{Hyp) TEHMF
=1
Record 5eC geg sep 520 Zec sec
2= .]. to 5 Stlh 1-33 llﬂé{] "'D.oj_l:"'. ll-_?{'l h__sf? hq ?9 5.3
e- 6 to 10 L.69 1.15 1,060 ~0.87 .56 L7 lj.BE i 6
e-11 to 15 L.B3 1.08 1.050 -1.¢51 L.76 L7858 L.BL £
= 1 to 10 L4.92 1,2} 1,063 -0, 4 L. 76 L.72 L.67 5.3
g 6 tﬂ 15 ht?{.} l]]E 11055 _J—-_E'l -‘I-Ll‘f]{) hiE'l ho ?‘:} 5.1
gl l4.57 1.01 1.083 0.76
e-17 6,11 1,39 1,062 0.01
o T4 20 3.00 1.17 0,027 9,10 9,60 10,1 2.h
£- 2 T.b5 3.25 1.19 0.615 9,00 49,10 B.0 648
i 3 8.16 2,93 1.13 0.L56 9.5l 9,70 8.2 10.0
g-2k 0.0 a.08 1,039 0,39 0.4 0,40 0.2
g-15 0,51 0.22 1.17 0.67 0.68 0,70 0.78
=31 0.63 BAE 1.055 (.59 0.61 0,70 .76
=2 0.7 3.10 1.0L9 0.L8 .47 0.0 0.31
g=35 Q.53 0.10 1,052 .55 0.58 0,58 0.6k

5. Least Sgquares Relationships

If it is definitely known that the ordgin is a point on Lhe curve,

the straight lime to be fitted has the form of ¥ = mx, where m is ths
s' ope of the line.

_ IS5, H
T EH
25 L
S, = =
Z12
Z5:T
5-r= ETE

It can be shown by least squares condition that

n =% xy/ %2, Applying these corditions te the relatiomships presented
earlier, ons obtains

=
=
u

r
=
il

Z HpH

T H

ZLlpl
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Table L.l presents the least squares relationships through the
eripin fer the above paramcters, based on data for eaeh sorce taken
separately and also for all sources of data taken together. In
addition, the weighted mean values, weighted in accordancs with the
nurber of records, are given. For example

e !
Sp = 7w 275y
(L.22)
= = L
T N Zf Mo
Where 84 18 the weighted mean of standard deviations, N = &5 records,

f{ is the number of records for individugl scurces tcorresponding to 513-
criverr in Table L.k,

There is fairly good agreement between theory and the data shown
in Table y.li.

TARLE L L
) LEAST SGUARES RTLATICMSHIPS THROUGH ORIGIN
a4 iR
Source a B c d e £ 3-f de;igh;ed Theory
Ko,
Records 25 20 18 i a5 3 g5
S 0,199 D.62Y 0.885 0,512 0,041 C.Lbs DJLTT 0.836 0,822
Eih Oubil Guoo7 N.8h2z 0.785 o.L25 0.7LL G.LBS 0.BLE6 0,582
Moy 1.386 2,502 1,451 1.1 1.345 1.373 1,377 L.h2l 1,420
Agg 1,377 1.L01 1.13L 1.822 1,336 1.572 1,381 1,L26 1.4L20

M33  L.56L 1.716 1,635 1.570 1.504 1.51C 1,534 1.602 1,598
A3 1.520 1,728 1L.60h 2,102 L.L75 L.878 1,528 1.606 1,598

Mo 2.006 2,158 2,170 1.998 1.867 1.846 1.911 2.046 2.03
Mg 1,898 2,362 2,060 2.720 1.793 2,681 1.911 2,087 2,03

2.7h6 2,839 2,473 2.280 2,327 2.3808 2,589 o,hc®

Misiog 0
25 2,003 2,713 3.832 2,201 L.O22 2.L60 2,770 2.45F

2
1"_3':{ Ehl..l.
Se G241 0.296 D.263 0,31 0,221 0,306 0,246 0,261 0,281

*Most probatile maxaimm baged on H = 100,
*eighted 1n accordance with nwwmber of records for sachi source.
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6. FHelationsiips Between Wave Period Variability and Wave Length
Vardability
4 relationship between the standard deviation of pericd and that

of length can be cbtained by squaring (L.18), dividing by (L.12), and
gollecting terms, whence

4 2z P
g T st (4.23)
5. =
T8,
- PO =
since L = ?E, and v = {;

Based on the Rayleiph distribution for ) wne obtains

(51)2 =0.138 S (La24)

Figure l.15 shows a plot of data for (SFJE versus 5y, together with
the theoretical relationship given by (li.2L), and the apresment
between data and theory is satisfactory.

Fipure .16 snows a scatter disgram of skewness coefficients,
@37 versus @31, togsther with the theoretical point ayp = -0.088,
@47, = 0.631." No relationship is expected botween agp and @q], except
tag theoretical point, around which the wave data scatter.

If the wave records were jiore ideal, such being the case for
very long records under a state of ne change, tha seatter would be
nil, whence one might infler tnat the crssent wave records are mot
completely szatisfactory for the present type of analysis. However,
it must be remembered that third momert eomputations ecan lead o
mueh seatter when records of 100 waves or less are used. Second
moment computations, used for standard deviatiens are not so seasitive
to the short records. Figure .16 might have been omitted, but was
included primarily to emphasize the importance attached to, and the
desirability of, obtaining lonz wave records. It is not aluays
possible to obtain long records and therefore one must make the bhest
of the scatter peculiar te short wave records. However, the overall
averages of the statistical parameters are quite significant,
particularly when a few extra long records are available in the
general program of analysis. Extra lonp records avallable for this
presentation are discussed later in the text.

T« Cumulative Distribtutions

This seciion mresents tyvical cumulative distributions from =ach
source of data. More or less standard record lenpths (approdmately
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100 waves each) are used for the first seven figures (L.17 through
1,.23), one from each source of information. The oumilative plots
are in terms of m= H/H and A= L/ = Teﬁ-‘?. Flotting of points is
based on the method of Beard (1952), whence

- ELN_EJ this)

Pis percent cumulative
N is the total number of waves in the record
n iz the order of tabulation bepinning with the smallest
value of nleor A) at n = 1 to the maximum value of 7
{or A) at m = ¥

In general, Fipures 4.17 through 4.23 show that P(n ) and P(X )
nave approximately the same distributions for esach record, althouzh
not necsssarily the same from record %o record. The above Is typical
of nearly all the wave records, except a few which had very peculiar
digtributiona, Whather or not the Rayleigh diztribution applies, it
can be concluded that P{m) and P(X ), to say the least, have very
nearly the same pamma type distributions. However, avergges of all
the records in terms of mand A, show both P(7) and P(X ) to be
typical Rayleigh distributions, rxcept for the record from hurricane
"hudrey." In this case P(A ) includes swell from the maln section
of the hurricane and loeally penerated wind waves, the combinaticn
of which gives a large spread in wave period, with a correspondingly
greater standard deviation.

Figures L.2L and L.25 summarize the cumidative distributions
P (q ) and P(X ), respuctively, for Figures L,17 - L.23., The
corresponding cumulative distributions F(t ) are given ih Figure L.26.

For comparison with non-continuous records, the long record from
the 0ulf of Mexico was utilized. Waves were tabulated for each first
minute of overy S-minute section until 107 waves were cbtaind,

Figare 1,27 shows the cumulative distribuiidn. It is seen that such
a method of non-continuous recording, althouph not completely
satisfactory, is not entirely obijectlonable. Howpver, care must be
taken that wind spesd and direction and stage of generation remain
more or less wichanged during thes perloed of record.

fi.  Extra Lonhg Wave Record from Gulf of Mexico

The wave racord oblained in the Gulf of Mexico .consists of 1,500
consscutive waves during a period for whicli the wind speed and
direction remained relatively constant. Figure L.28 shows cumilative
plots of 5 and h for LOO consecutive waves, and it is seen to be an
improvement over Figpmre L.21 based on 100 consecutive waves. The
improvement is as should be expscted. When 1,000 consecubtive waves
are used, Figure L.2%, the apresment between F(m ) and P(A ) is
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exceptionally rood. Tipure .30 ig based on averaping five
cumilative distributions of  and X , each group consisting of
200 waves each, or 8 total of 1,000 waves. JApain there is ex-
ceptionally good agreement, between P(7 ) and P(X ).

9. Zatra Long Wave Regord Tyom Lake Texoma, Texas

Three thousand eight hundred and eight consecutive wave heiphts
of a continuous recerd have been tabumlated by the U. 3. firmy Engincer
Division, Scuthwestern. These waves were obtained from Lake Texoma
using a atep-resistance type wave recorder. During the period of
record the wind speed and direction remained unchanged at 30 mph from
the north. The fetceh being limited, the stape of generation remained
unchanged during the period of the record. Thess data are summarized
in Table L.5.

TABLE li.5

STMHARY OF WAVE HEIGHTS FOR CONTINUCUS RECORD

Ho.
H (feet) of Cumilative ¥ % ne
Cases
0.2 382 382 10,02 0.197 0.039
0.4 364 L6 19.58 0.393 0154
0,6 371 1117 29,32 0.590 0.348
D8 552 1669 3,82 0,786 0.618
1.0 527 2195 57.65 0,983 0.966
12 540 2736 71.8L 1,160 1,392
1.4k 350 3086 B1.03 1.376 1.893
L6 321 3407 69,06 1.573 2. 17k
1.8 150 3557 93.10 1.769 3,129
2.0 bl 3701 27,18 1.566 3.865
242 L9 3750 8. L& 2.163 L.679
2al L2 3792 99,57 2,359 5.565
2.6 11 3803 29,856 24556 6.533
2.8 g 3808 99.987 2.752 7574
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Statistical analysis of the above record gives the following
results:

Record Theory
E. = 1,0173 feet -
mZ = 1.2757 1,2732
Eﬂ = D-SES G-523
aj"l'_I e Dull.m G’i631
ﬂﬁ = 2,18 2.20
Mo = 2.03 2.3
Ny = 1.61 1,60
ﬂgﬁ = 1,45 1.L2

From the foregolng sumary it is seen that this long record is
in exceptionally good agreement with the Hayleigh distribution. The
cumulative distribution from Table L.S5 is shown in Figure L.31.

Nine hundred and eight consecutive wave periods eof a continuous
record (for the same storm above) have been tabulated by the U, S.
Army Engineer Division, Southwestermn. This information is summarized
in Table L.6&.

The eumulative distributions for the data of Table L.6 are
presented in Fijure L,31, wave length variability, and Figure L.32,
wave period variability. This record is in fairly good agreement
with theory, based on the Hayleigh distribution for lengths,

Based on the sbove investigation it is concluded that the
Rayleigh distribution is sufficiently accurate to apply for most
cases for wave height variability and wave length variability; and
the corresponding theoretical distribution furction of wave period
variability is satisfactory. This statement is made without the
application of the Chi square test, which in view of the above and
the work of Watters (1953) would appear to be repetitious.

S8



TABLE L.6
SUKMARY CF WAVE PIRIODS FOR CONTINUQUS RECORD

2 Wo.
sgc L=T2 of Cumilative F T X
BEC Caszes

0.5 0.25 1 1 0.0851 0,203 D.037
0.5 0.36 3 L 0,385 0,243 0,08k
0.7 0,49 10 1l 1.h9 De 28l 0.073
.8 0.6 g 23 21:8 D432k 0,086
0,9 D.81 5 28 3,03 0. 365 0.121
1.0 1,00 9 37 L.02 g.Los 0,149
1.1 1.21 7 1y .79 Q. Lké 0,181
1.2 1L 17 1 Ge il 0,187 0,21E
1.3 1,69 15 77 Gali2 C.527 D.252
1.4 1.66 19 96 10,52 G EOE 0,293
1.5 2.25 16 112 12,28 0.608 0. 336
1.6 2,56 31 143 15.69 0.el9 0.382
17 2.0% 23 16 18.23 0,482 0,k32
1.8 3:2h 33 199 21.56 0, 730 0,159
1.9 3.8l 10 209 22,96 0,770 D.515
2.0 L,00 1d 250 27418 0,811 0,598
2,1 Lalil 20 270 29,48 G, 852 0,659
2.2 L8l 60 330 35,29 0,692 0.723
2.3 5.29 Lt . 8 L5 1T 0.933 0. 790
2.4 Ce 76 0 1,57 50,268 0.673 0.861
2.5 £,25 52 509 D 400 1,034 0,934
2.8 6476 66 517 63.L9 1.06k4 1.010
Pl Tedd 13 £10 67,13 1.00% 1.089
2.8 TeBk 35 GLs 70.98 1,135 Y:ET,
2.9 .41 13 it Te.il 1,176 1,256
3,0 9,00 ull 702 77426 1.216 1,345
1.3 9.61 21 723 79.57 .2e7 1,036
4.2 10.24 3l 75l 82,98 1,298 1.510
3.3 10,89 23 137 Hg5.52 1.336 1,627
3.4 11.56 36 113 49,48 1.379 1.727
3.5 12,25 27 aLo 22.L6 1.L19 1.830
3.6 12,96 23 863 9)1.59 1.L60 1,935
3.7 13.69 12 g7e 96,21 1.500 2,045
2,8 1. Lly k 479 96.75 1.540 24157
1,9 15.21 L 863 97.19 1.5E1 2.272
1.0 14,00 T Gl BT G0 1.622 2,390
el 15,81 2 Hye .16 1.662 2.511
he 17.6h 5 Eo7 98,73 1.703 2,638
La3 13.L9 2 899 98.95 1. 74k 2,762
hali 19,36 I 903 99,39 1.784 2,052
L5 20,25 X S0l G9.50 1.6820 3.025
LHE' 21,16 2 5":'6 o0.7e 1.5[55 3:1'61
4,0 3,00 1 908 9.9l 2,433 538
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Statistieal analysis of the above record gives:

Record Theory
T = 2.lub62 -
T2 = 1.1007 1.0787
Se = Q.47 0,285
ay = -0.0558 -0, 008
e
_EE = 66505 -
? = 1,325 1.27232
S}h = D,5701 0.522
a5 = ':'-E‘?DS Glé:ll
=X
Ag o= 2,49 2.2
Mo = 2,19 2,03
h}j = 1.(:-"? lu'r_-"l:.l
}\50 - lfhh l..I_I.E

10, Wave Data from Step-resistance Wave (ape Versus Presgure Gage

It appears from the data analyzed in this chapter that there is
little difference in the statistical parameters obtained from tne
step-resistance wave gage and from the pressure gage, and this

ifference is statistically ingignificant. It is difficult to
explain the results of Wiepel and Kukk (1957), who reported a
significant difference in resulls dblained by the two methods of
recording. Evidently the Rayleigh distribution for wave height
variabitity is net verifisd For the step-resistance wave gage data
reported by Wiegel and Kukk (1957), and these findings are not in
agreement with the data analyzed in the present pager. Tn partioular
the extra long record from Lake Texoma verifies almost exactly the
Rayleigh distribution.
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CHAFTER Vi WAVE VARIEBTILITY AND JOIMT DISTRIBUTION
1. General

The joint distribution of wave heights and lengths (or wave
heights and periods) in general is diffieult to describe completely
for all conditions of correlation. Three special cases, however,
can be investipated in detail, Case I, non-correlation, iz perhaps
the most likely to be encountered by engineérs and oceanographers.
Cageg Il and ITT are the trivial cases for correlation coefficients
of r=+1 and r = =1, regpsctively, r = -1 perhaps never occurs in
nature, r = +1 might occur in the very early stapes of wave
peneration for hiph wind speeds and short feteh lengths., v = +1
mipght also tend to ocowr for very long decayed swell. An important
fagtor, although r = X1 are trivial cases, is that these cases
reprosent the boundary limits between which all other cases occur,
thereby permitting uvese of necessary approximations supplemented with
wave data to describe the conditions where correlation exists,
Fipure 5.1, for example, 1s a scatter diagram of 7 and A for a very
low degree of correlation. The fact that both marpginal distributions
p{m) ané p( X} are of the same type is of some help. The bivariate
asymptotic problem of Joint distribution for the Rayleich (or a
modified Rayleipgh type) distribution has yet to be solved.” If waves
possesged the Gaussian distribution, and they somctimes do quite
closely, there would be no difficulty since the joint distribution
betweer two normally distributed dependent variates hag been covered
quite satisfactorily, for example, Uspensky (1937) among others.
Wooding (1955) presents an approximate joint distribution for wave
amplitude and freguency in randem ncise.

The correlation coefficlent measures the strength of the
relatianshzp bstween two variables, but only when that relationship
is linear, It 1s necesgsary to assume a linear relationship between
nand A, and this assumption appears justified from the data analysis.

4 sumnmation function is introduced for the purpose of estimating
the msan period of wave heights above a given height.

2. Some Bagic Concephts on Jeint [Hstribution

The general form of the Jjoint distribution functien for two
dependent variates can be written as ithe product of two functions

plr Al=pinl - ppy M) (5.1)

#Through racent correspondence with Ir. E. J. Gumbel of the Iepartment
of Industrial Engineering, Columbia University, Hew York City, it has
been lsarned tnat he asclved this problem applicable for the correlation
coefficiant between r = %0,31396,
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which states that the probability of both & particular wvalue of #
and ) ocourring simultansously is equal to the probability that m
will occur times the probability that A will occur, assuming that 4
oceurred. plw ) is the marginal distribution funetion for =, and
pn (A) is the conditional probability funetion of A, the condition
being that 7 occurred. Eq. (5.1) might also have been written

POy} = p(A) - py () (5.2)
in which case p( X ) is the marpinal distribution function of A and

py (7 ) the conditional probability function of = The marginal
distribution functions are given hy:

b 0

lml= Aldh=pin

ptai= [ oty L7 A POVER (5.3)
o8] O

[A)= h,m ddn=pla

i fo Bk, Yda=pt 1_j; Py M a7 (5.4)

Since the marginal distribution functlons are Rayleigh dis-
tributions, only the conditional probability functicns are required
for the complete solution, which will not be attempted in the present
study.

The correlation coefficient is given by
nh =

(- (®-1) |7

where the expectations E(n, A ) =xX , Elf'r}?“} =-r;2, and E(X\ 2) = a2
are given by

FBNE: (5.5)

— ealrges

—q.x=j;j; oA sl \) dn dX (5.6)
. rm

"?“,f; n2plnl dvy (s.7)
B 0 2

X = f; X ptA)d A (5.8)
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Special Cases of Joint Distribution

3a
In Chapter II the marginal

Nom=corrslatiaon of r = O

Cage L.
type Hayleigh distribution functions were piven in normal or it
Form:
pim=Znea ", =t (5.9)
= 2 i 1? Fl L
i _— }kz L
P”\.'.|=‘-E- Ae 4 H }L=i: {5.1‘3)

When zero correlatien exists the joint probability is the product
of the marpinal distribution functions, whence (5,1 and (5.2)

beacomsa

pinh}=nin) « p(h) (5.21)

or using (5.9) and (5.10)

2
2 @™ 2 RN 195 |
pipAl=Zned T -xe” 4 (5.12)

In terms of n and v (5.12) becomes

- mi =
pinal=135 we @1 .g3¢g06757H (5.13)

Eq. (5,13) is more useful than (5,12) since the variables
actually measured are H and T, L being g computed quantity. Table
5.1 gives the nmumber of waves per 1,000 that would occcur on the
long run average for U.2 increments of ¢ and T,

The integrated equation or the cumulative joint distribution
for zerc correlation is ocbtained from

LR
=] E{'rh}u} 'j;_ j; pl7, Al dn dA (5-:”4}
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and u=zing (5.12), the order of integration being indifferent, one

obtains . z
F{?}.Hil- e_%l][l-e_ﬂ_j_] (5.15)

Eqe (5e15) glves the percent of waves P[n, )] having n equal
to or less than some sgpecified valus and at the same time having A
equal to or less than some spccli‘:l.ad value, Tie only limitstion
on (5.15) is that no wave can he steeper than the critical value
of H/L = 1/7, according to the Michell (1893) theory. In terms
of n and T (5.15) becomes

T2
P{ﬂ.r}=[l— e 4 ][ fop Q873 T4:’ (5.18)

Congider the scatter diagram of Flgure Bel, far example
where four quadrants are given: I, 5 1] P[m 1]
-PL1 ,1]; III, P[m,cc}]- P[g:}, 1 [ 1 ,m]-n- P y T3
and IV, P[ 1,0 - PL1,1]. If zerc correlat:l.on ¥ 'I-q, x)
= 0, exists then

Pr = 29.6 percent
Pr1 = 2L.8 percent
Pyy1 = 20.8 percent (5.17)
1y = 2b.8 percent

When zerc correlation exists the eguations of regression lines
are given by

n =
(5,18)
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TAZLE G,

1

JOINT DISTRIBUTICH OF H AND T FCR ZERC CORRELATICN
Humber of Waves Fer 1,000 Consecutive Waves

for Variocus Ranges in Hefght and Pariod

Q:?fiiiz RANGE IN RELATIVE FERIOCD Tf5

REEY oL . O 0u6  Oui= LuB- 1o2- be 16- T.8= 0= Comula-

Tl 0.2 0.4 0.6 0.8 1.0 3,2 1.4 1.6 1.8 2.0 Z2.0 tive

0=C.2 0.03 0.50 2.05 .86 768 £.09 5.31 1,92 0.3h  0.03 30,81 30,81
0.2-0.L 0.0 1.4l 5.81 0 13,78 21,76 23.92 15.08 5.4 0.%8  0.OT7 g8.32 119.13
O.h=0.6 0.1 2,06 8,54 20,23 31,95 33.65 22.10 7.99 1. 0.11  128.21  247.34
0.6=0,8 0.J6 2,40 9,91 23.Lh8 37.08 39,06 25,65 9.27 1.67 ©.12  1h4B.BO 396.1L
0.6-2,0 0,16 2.L0  9.92  23.51 37,13 3%.11  25.69 9,28 1.67 0,12 148,99 545.13
1.0-1,2 0,15 2.1k  8.87 22.02 33.19 3497 22,96 B.30 1.49 0,11 133.20 678,33
1.,2-1.4 ©.12 1,74 7.21 17,07 26,96 28,40 18.65 &.7L  1.21 0,09 108,15  THE.52
1i-1.6  0.09 1.30 5,37 12,72 20,09 21,16 13.90 5.02 0.90 0,07 80.62 B&7.14
1.6-1.8 0.06 D,90 3,72 B.82 13,93 1L.e7 9.0 3.L6  0.63 0,05 55,90 923.0lL
1l.8-2,0 0,03 0.L4B 1.99 L, 72 7445 7.85 5.15  1.86 0.33 0,03 20,89 952,93
2.0-2,2 0,03 C.h2 1,72 L.09 f.45 4,80 L47  1.61 06,29 0,02 25.90 574,83
2,2-2. 0 0,01 2,18 0,76 1.80 2,81 2,99 1.97 0.71 0,13 0,01 11.L0 990,23
2,4-2,6 ©,01 0,09 (0,39 0.93 1,47 1.55 1.02  0.37 0.07 5,90 996,13
2.,6-2.8 0,04 ©0.18 Oul3 0.67 opal 047 €17 0.03 2.70 998,83

0-3,0 1,08 16.06 6oLl 157.L6 2L8.65 262,93 172,03 62,16 11,18 0.83
Cumnla-
tive 1.09 17,15 £3.59 241.05 L89.70 752.63 92L.66 986,82 998,00 998.83



Case II. Correlation Coefficient r = +1.0:¢ 1If the correlation
coefficient between mand A iz rin, A ) = +1.0, then all data will
fall on a strairht line in the form ¥ = mx + b, a regression line,

In this cage if both % and M possess independently the Hayleigh
marginal distributions, then the glope m = +1,0 and the line, passing
through 7= A = 1,0, will pass through the origin %= kA = 0. Thus
the squation of the regression line is

(5.19)

It can be seen that the joint distribution will be obtained by
use of elther marginal distribution and the eguation of the regression
line, Assuming the Eayleigh distribution still applies, and it is
possible that it does, one obtains for the joint distribution

™t a3
™ i 1 - R
p{n.h‘j=Tﬂ e 4 =—2—he 4
= A
kY (5420)
o=
" n

Similar to (“,17), the percent of waves in sach gquadrant for
r(n,h ) = 1,0 is given

P1 = &kl percent
Frp = @
Prrr LS.t percent
Eyp = 0

To prove that (5.20) is the relationship for r = 1.0, mdtiply
both sides of (5.19) by m and take the mean; and again by A and take
the mean, whence

(5.21)

|

oy

e

=N

3

(5.22)

}-’Ni
n

-3
=
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The correlation coefficient r is obtained from (5.5), whence

A= A— 1
i b =410 (5.23)

fm N = : sl

(=)0 7

The limitation of (5.21) is that H/L < 1/7, It can be seen that if
H/L = 1/7 all waves have H/L = 1/7 and all are breaking waves. In
general H/L = constant for r = +1,0, and can apply to long swell
having constant stespness, if such a case actually exists.

Case 111, Correlation Coefficient, r = <1,0: If the correlatiean
coefficient r{%, X )] = -1.0 then all data will fall on a straight line
of the form y = mx + b, In this case the slope m = =1.0 and the line
will pass through the poinmt 7= A = 1,0, but will not pass through
the origin., The equations for the regression lines are given by

n=2=), or ﬁ:= 2=~ A
(5.24)

Az2—7 T:}_:E—q

It cannot be assumed that p{ ) and p( A ) are Rayleigh dis-
tributions for r(n\) = =1,0, since this assumptien would lead to an
ambiguity. If r{n,A) = -1.0, then Pr = Pryy = 0, since the
regression line passes through F= A =1.0. If p{7m ) and p(d)
have the same distribution functions, the number of waves f{or
n=< 1,0 1s the same as the mwmber of waves for AZ 1.0, then
Prr = Fry = 50.0 percent, If one attempts to apply the Rayleigh
distribution Py = Sh.li and Pry = 5L.L percent, the sum of which is
108.8 percent, an impossibility., Ferhaps, the Rayleigh distribution
fails at some lower nsgative value of r{m,A\). This failure is of
no immediate concern, since the distribution function will tend to
chanpge for lsrge negative r{'r; , &) due to physical factors. If such
a correlation could =xist in nature, this would mean that the highest
wave has the shortest length and the lowest wave the longest length,
Thig is certsinly the trivial case and one must remember that the
case of r{m,A) = -1,0 is considered only as a boundary econdition.
For two other wariates not having the limitations, ol breaking
ocean waves, 1t is conceivable r = -1, whence

Ffp =0

Piy = 50 percent
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To prova that (5.2L) is the equation for regression line when
r(n,A) = =1,0 mltiply both sides first by m and take the mean, ana
again by X and take the mean, whlence

me= Zm — mA
(5.26)
At e
and since m = X = 1.0 and using (5.5), one obtaing
A=)
g, \ls ————=—1.0 (5.27)
t—7 X

i« Summation Functien

An unsuceessful attempt by Sretschneider (1957)2 was made to
find the proper joini distribution function which would satisfy the
riles of probability and which would alsc lead to Haylelph marginal
distribution funetions. From the above, it is seen that unlesss the
marginal distributions deviated from the Rayleipgh type betwesn r = 0
and r = =1.0, no continuous joint distribution funetion could exist
over the complete range of r = +1.0 through p =0 to r = =1,U0, To
oyorcome this diffieulty somewhat, and at lsast obtain some important
information on joint distribution of waves a new function is
introdueed, the swmation function defined below, Consider the
scatter Ii'LE""I‘a“' of 7 versus A, Fipure 5.1, far axat,‘?)le, and sum all
values of A with respsct to 7 Betioon ~OV2 and + &T/2 as Am goes to
zero. Denoting this sum as Sy (7 ), the mathematical defirmition of
the summation function is

®
Sh{"?}=_£ % pin, \) dx (5.28)
or using (5,1)
®
'S}‘ tnl = pln) j; }Lpﬂ (Al & (5.29)

The integral of (5.29) is nothing more than the equation of the
regression line of A on =, whence
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(m
S, 47

Ap = ——————= AP (AN (5.30)
% P (M) fo m
thus
S, m=%7 pim (5.31)

A similar equation can be cbtained by interchanging X and # to# and A.
Thus

S,q:m‘ﬂ p (X (5.32)

Eqs. (5.31) and (5.32) are the sumation equations, which
become quite useful once the eguations of the regression lines are
obtained, Ii can be shown by the familiar method of least squares
when =2 = ) that the regression squations for linear regressions
are

—

A =i+l —=1) (5.33)
and

‘Tfi = |4+ r(h=1) (5.3L)
Thus the summation functions (S.31) and (5.32) become

c
D, ) = [;+ r{'n-l]]p{ﬂ} (5. 38)

S, =1 +r=n]e (5436)

Lasuming linear regression appliss at least approximately, and
spplying the Rayleigh type distribution for p{7 ) and p( A) ome
obtains the approximate relationships
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Slhﬂ—'--g— [l +r1‘.'q-*ll] ne 4 (5.37)
X
Snm:% Hrlk=1) X" A (5.38)

The approxdimation 1s intended where actusl distributions tend
to deviate from the Raylaipgh distribution, or when deviation frem
linear regression becomes sipnificant.

Eg. (5.38), giving the sum of 7, for valuss of ), may also
be called the A -spectra of 4. This is analogous to the )\ -spectra
of n2 derived in a similar manner in Chapter VIL.

Tha \-speotira of n can be transformed into the t -spectra of 7
by noting

5,,? (N dh=S v dr

plAldA  =pltidr {5.39)
A=aT?=0.927 v2

Sptri=27 [li-r+0.927 rr2] 7 ¢ 0675 77 (5440)

S,,? (A) ana 5_{}{ r ) are given rsapectigel:r in Figures 7.l and
7.3 of 'Chapter VII, for comparison with Sﬂ { A) and - {r).

5+ Mean Wave Steapness

The mean wave sieepness is given by:

@© |
Hf; N T Ana (5.1)
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and using (5,38) one obtains

[_}] z [.-,(1-%] (5.42)

6o Mean FPeriod of Wave Heights Grester than a Given Helght

In Chapter I1I was determined the mean or averapa height of waves
higher than a given height, which reguirea only the knowledge of the
marginal distribution function., To abtain the mean pericd of wave
heights greaster than a given height, some knowledpe is required of
the joint distribution function, the summation function derived above
being suffieient in this cass., The mesan value of )\ for any
differential slement, u:-f,a:;-q is obtained by dividing (5.37) by p(-q Jb
The mean value of A for wave heights above a given height is obtained
from

{0
Nin 'y = L s (5.13)
(ﬁF‘) fmph?]dq} )

%

O
j; npinidn (
A ={l~rl%r S.ldy)
('FTD) fmbl'n!d'q

The above integrals have besen solved in Chapter 111, whence

g x = e (5.45)
where _Tnt
1? =
P _m?
e 4 (5.16)
oz
¢p=—u,%_-aeudu and u= /L n



Eqe (5.45 can be transfarmed in terms of wave pericd by noting

2

hﬁh]=ﬁ[f(ﬁg] (5eh7)
.S 1
T (?p) =K 2[I—r +,.,?p]2 (5.48)
The value of X may be obtained at r = 0, for wiich r( Mp)
=T = 140’ whence K = 1, Thus
1
© (m)” [ v+ em, ]2 (5.1:9)

I¥ must be remembered, however, that v is the correlation
coeffieient between m and }k which is not necessarily that between
mandr, Table 5.2 pives t?pical values of v( W) from (5.4L9) Zor
various wvalues of the correlation coefficient, fI'L]t must be pointed
cut that for large values of the negative correlation coefficient,
the above equations tend to fail.

TABLE 5,2

VEAN + OF UIGHEST P-FERCENT OF WAVES

Correlation Coefficient rin, A)
P 1.0 Q.8 Qb Ot 5,2 0 0,2 <0 <86 «0,8 1.0

0401 1,632 1.526 1.h1h 1.290 1,155 1.0 0.5169 0,57% 0.0LL7

0,05 1.L97 1,412 1,321 1,224 1,117 1.0 G.&&&? 0,708y 0,5050 0,077¢

.10 1,425 1,351 1.272 1.169 1,098 1.0 D.G00B 0,7663 0.6173 0.1271

0,20 1,340 1,279 1.216 1,148 1.077 1.0 0.9170 0,8259 0.7225 0.6025 0.4517
0,25 1,306 1,253 1,195 1,134 1.069 1,0 0.9205 0,8455 0,7563 0,6557 0,5357
0,30 1,201 1.230 1.177 1.121 1.062 1,0 D,9336 0,.8621 0,78L1 0.7137 0.5983
0,333 1,265 1.216 1.166 1,114 1,058 1.0 0,9382 0.8720 0.800L 0.7218 0.6332
0400 1,233 1.190 1,146 1,099 1,051 1.0 0,9465 .8897 0,8291 0.7615 0.6921
0,500 1,191 1,155 1,118 1,080 1.041 1.0 €.9573 0.9126 0,886 0.8161 0,7629
0.000 1,152 1,123 1,09 1.063 1.032 1.0 0.9666 0.9321 0.6%62 0,.B8588 0,8198
0.700 1,153 1,093 1.072 1.048 1,02k 1.0 G,9753 0,9L99 0.9236 0,897 0.8695
0.800 1,079 1,063 1,048 1.032 1,016 1.0 0.9704 0,9666 ©.9495 0.9321 0,5143
0,900 1,042 1,033 1,025 1.016 1.011 1.0 00,9926 0.9829 0,9742 0,965} 0.9566
1.000 1,000 1,000 1,000 1,000 1.000 1.0 1.0000 3.0000 1,0000 1.0000 1.0000
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CHAPTER VI: STATISTICAL ANALYSIS OF WAVE
DATA FOR JOINT DISTRIBUTION

1. General

Wave records discussed in Chapter IV have also been analyzed to
determine certain properties of the joint distribution which might be
used to compare with the approximate theoretical relationships given
in Chapter V.

2s Correlation Coefficient

The correlation coefficient r(n, ) between wave height and wave
length, determined from each wave record and sumarized in Table 6.1,
is given by

M
1 = L —
- B N [':;:l (H —HNL-L} ey o
rin , Al=rlH L) = . = ~
SHSL S,'?S},L

whera

r(H , L) 1s the correlation coefficient between H and L

H{ = Aindividual height, feet
H = mean wave height = 1 E Hy
N i1l

Ly = individual length (Ii = T4° in sec?)
T 1 1 9

mean lesngth = Z 1 1y
Sy = standard deviation of height, feet
S;, = standard deviation of length, sec?
7K = W/

:fn Qﬁ
] ]
T

=153



3. Mean Weve Height of Wave Lengths Greater than a Given Length

In the present discussion the wnit forms n, A, v are used
conveniently. The mean wave height np of the longest p - percent wave
length is a function of the correlstion coefficient., For comparison
with theory the data in this study were analyzed to include:

{a) 1;(.\50'}, mean wave height of the longsst 50 percent
of wave lengths

(b} 5(k33), mean wave height of the longest 33.3 percent
of wave langths

(e} m{Ayp), mean wave height of the longest 10 percent
of wave lengths

(@) m(Xq), height of longest wave,

n( A1) is assumed approximataly equal to m{A_..)s This information
ig summarized in Table 6,1, Fipure 6.1 shows tﬁ'g“ga relstionships as
functions of the correlation coefficient, together with the theorstical
relationships and the 95 percent confidence limits., The theorstical
relationships for n{ A;) are obtained fram Chapter V, according to:

n{Aso) = | + 0.42 r

MMAsa) = | » 0.80 ¢ (6.2)
NMro) = 1 + 103 r
A ) = 1+ 1.66 ¢

It is seen that agreemant between theory and data is fairly
good, particularly for n{Agp) and 7( A33)s One difficulty with
the other two relationships is that the mmber of waves is too few
for the 10 percent and the 1 percent valuass to expect a minimum
scatter, The 95 percent conficence limits for correlati on are based
on N = 100, average total muber of waves per record.
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TABIE 6,1
SUMHﬂRI OF ks FOR hsﬁj 133, lln’ AND h‘m&x

o ) a0 alhg) m Ay o
and r(m, L} 7 M ki

ol 0 33 10 macx)
a-4 0.43 1,23 1.21 0.93 0.93
a-H 0,63 1,35 1.L6 1.26 1,00
a=( G-51 1-2u 1023 i % 0-?9
a-D D-h_l; 1-11['. 1-1&‘ 1422 DiTS
H'E D|33 lol? ltll G-?E l.ﬂh
a-F G‘SE 1;26 1.26 1'33 1|5h
I—ﬂ‘ G|3l 1.21]' 1-19 D-BS 0.63
a=f 0.28 1,21 1,17 0.79 0,39
3-1 G-lh 1.08 0-9? D.ﬁﬂ 0.55
a=dJ -D.Gh l.ﬂh 1-22 D-?G 9-35
a-K 0.08 1.03 1.00 0,80 0.42
a-L 0,17 1,10 1.02 0.95 1,22
a-H 0-22 1-15 lth 0-81 D-BD
a=N -0,25 0,85 0.87 0.72 .50
a-0 9126 lalﬁ 9-9? 0-91 D.B?
a-P 0.1 1.00 1.03 0.90 0.k
E"Q G.GB lulﬂ 1105 G-BD D.BT
a-R -G-D? 110& GI% D'BG 0426
a-5 =0, 05 0.%8 0.20 a7l 1,03
a-T -0,15 0.99 0.88 0.64 0,75
a=1 —G-l? D-Eh 0-92 D!?} 0-52
a=-v 0.13 l-Gﬂ 0.59 G-?? Da?ﬁ
a=-w 5.20 ltl? l-ﬁﬁ Daa? G-hg
a-X ~0,01 1,00 0.93 0.82 0,98
a-Y =000 0,72 0,96 0. 76 0.30
b-1 0,12 1.10 1.10 1,03 0.89
b- 2 0,38 1.23 1.33 1,26 1.00
b" 3 G;lﬂ 113? 1-2}4 1-1}.]. 2|D1
b" l].l D-J.Ll 1-32 lQEE‘ 1-31 G-?B
b- 5 0.48 2637 1.36 1.3k 1.L9
b- & 0. L1 1.41 1.15 1.21 1.5
b= 7 0.51 1.37 1.36 1.41 1.35
b= 8 0,29 1.15 T.27 1,02 0.77
b~ 9 0ul19 1,19 1,24 1,26 1.0l
b-10 0,22 1,28 1,35 0,89 l.25
b-11 0.15 1,20 1.19 1,22 0.71
b-12 0,30 1.23 1,22 1,17 1.18
=13 0.0 1.28 1,33 1.1, ¢80
B=1l Ouly2 1.43 1.36 1.15 0.03
b-15 Qui7 1.1 1.35 1l Lle91
b=18 0.31 1.36 1,34 1.15 1.12
b=17 0.L5 1.36 L 1.4L0 1.086
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TABLE 6.1
(Continued)

SUMMARY OF m FOR :".5[:,, 133, A10s AND Npge

- G i) wlhad)  wlNy)
and (. A (M Aad) W n On
Sanoid T g mh A3 10 naxt
b-18 0.2 1,32 1.25 1.ko 1,30
b=19 0.27 1.32 1,20 1.15 1.1
b-20 0.48 1,27 1.26 1.20 1.43
= 5 D-,}h 1-27 142{7‘ 6‘93 1-6!.1
¢ 6 0138 1-35 1.ﬂ7 1125 l-é?
C=- ? D.lé lioh loD? liﬂé 1133
O~ E O-OB l-lE 1408 1112 lihl
c-12 0130 1416 117 1,20 ﬂn?ﬂ
0‘13 D-hJ 1.25 1-23 1-33 1.?3
e=1l 0.L49 1.21 1.28 1.21 073
e=15 0.4L0 1.21 1425 1,13 1.51
=16 0416 1,13 1.10C 0.58 0,98
c~17 D.hﬁ 1-28 1.23 1116 l.hﬁ
e~18 0,65 1.33 1.33 1.39 0,50
c~19 0,56 1.3 1.51 1.39 1.73
c-20 0,32 1,23 1,23 0.61 0u9k
e=21 0,39 1.30 1.3k 1,21 1.10
c=22 0.23 1,13 1.11 1.00 1.25
2‘23 0439 1-25 ltl? lqlﬂ Do?B
G—Eh D-hﬁ 1‘30 1-33 1-06 llDl
c-25 0«37 1.23 1,27 1.3 1,10
d- 1 0.L9 1.24 .42 1,30 2,17
d 2 dJ.00 1.03 0.87 127 .11
d‘ 3 Gnha 1.23 1-32 1026 DJ?B
d- L 0.50 1.18 1,29 1.48 131
a- .1 -D.Oh 1-[}1 D.E? 0065 Gn?s
g~ 2 Q.11 1,02 0.97 Goﬂ? OlhD
(= 3 -{)‘030 Q-'S'a Dfﬁ!.] D-?é’ Duh?
a- U ~0.17 0.91 0.83 0.63 0,61
B- 5 -G.hE DGBE D-éﬁ Gu&? U.?E
g & ~0.22 0.1 0.79 DeT6 0,37
L= aa 7 -U.h? 0091 0085 Gaﬁh D.hl
&= 8 “D-hl 9.59 G-Bé Dfél th?
- ? O-GE 0198 0.9h Gl?l Diél
.-10 -D.O'? l.m 1-DG Ggﬁs G.%
e-1l -0,07 0,96 0.80 O.48 0. liy
e-12 ~0,17 1.00 0.85 0,62 0.75
e-13 0,06 1,00 3.85 0.71 0.55
o-1L ~0,13 0,95 0,80 0,67 0.50
g-15 ~0,17 0.51 .82 0,54 0.45
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TABLE 6.1
(Continued)

SUMMARY OF m FOR Aggy X335 A1gs AND Appy

—d

Source .

and r(n,X) n(xga) 7w (X33} (AP (Npay)
Racord e
LEL 1 tﬁ 5 -Gllé {].93 D.&l}. GQ?E 0-59‘
(=2 6 to 10 -0122 G.S“h Gtﬁg ﬂi'ﬁE U'SS
e-11 to 15 0,10 0456 DL82 0,50 0.54
e= 1 to 10  =0,19 0454 0.87 0.70 0.57
a= 6 to 15 "0016 9.95 G-ﬂfh Dcéh 0-55

L =000

.""1? -D-l?

f- 1 0.61 1,26 1.35 1.39 1.0

f- 2 037 1,22 1426 1,10 1.2

f= 3 040 1.26 1,32 1.1% 1.2

g=2l «(1,08

g“ls +D‘?h

g-31 =0 09

E“Es G.ﬂ:‘

g-35 +0,35

li. Mean Wave Length of Wave Heights Greater than w Given Height

The mean wave lsngth A of the highest p - percent wave heights
iz a function of the correfx ion coefficient, similsr to that for Tpe
For comparison with theory the data in this paper wers anslyzed to
include:

(a) M7 gp), mean wave length of highest 50 percent
of wave heights

(b} A( 733), mean wvave langth of highsst 33.3 percent
of wave halghis

(e) M Mp), nean wave 1&11%&1 of higheat 10 percent

of wave heigh
(a) A( 74), wave length of maximum wave
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M 7m,) is assumed approximately equal to M np..)e This inform-
tion 15 summarized in Table 6,2. Figure 6.2 lhm: these relation-
ships as functions of the correlation coefficient, togsther with
the theoreticel relationships:

X (1750} = [+0.42 ¢

-1{1’133} o |+0 60 1

(6.3)

-h(nm] = |+1.03 r

},{»ql} =4 | 66 r

The agreemert betwesn data and theory for A(-7x ) is quite comparable
4o that for n{ A_), and hence the same genaral conclusions apply.

It is believed thft the scatter of data from theory is a peculiarity

of the small sample fran one record to the next, and is not necessarily
of statistical significance. Deviation from linear regressicn is
slight compared to that for m( Ap). A test for limearity using the
array method and the F distribution shows this deviation from
linearity is insignificant, and is discussed later.
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TABLE 6,2

SUMMARY OF » FOR LT N335 T10s AND M pyae

Source

and r(n,\) Masgel 27330 M3y1g) Mgy

Record
a=4 G'Ih-j' 1.211 1,22 1-19 1.12
H."'E 04'53 1411.11.1 1!'51 1-61} 1472
ﬂ"c 0-51 1.23 le?ﬂ' 1...3(:' 1.211
a—ﬁ D'hs 1-1!.] l.l? 1-15 ]...I.LE"
a=% 0.33 1.1k 1.10 1.05 1.02
a-F 0.56 1423 1.26 1,13 087
a=0 D'I}l 1.13 1-1":‘ 1-23 1»9&
a-H 0.28 1,03 1,08 1.07 1.09
a=I C.1L 1,02 1,03 1.05 1.03
a-d -,04 1,02 0,55 0,86 1.02
a-K 0.00 1,00 .99 .99 1,02
a~L 0.17 1.10 1.06 1.01 .91
a=M 0,22 1,08 1,04 1,08 1,05
ﬂ.—H -0.25 0495 D-BB D-SE Gi?a
d=0 0,26 1.12 1.03 0.91 .52
a-P 0,14 1,03 1,09 0.48 0.75
a=0Q 0,08 1,02 1.01 1,07 1.1,
a-H -G-D? {}499 G-?? GI?B 1,02
a=5 =0.05 0,96 0.97 0,82 1.1,
a=T -0,15 1.01 0,92 0.91 0,83
a=l =0,19 = 0,91 086 0,03
a-7 0,13 1.06 1.0 1,05 0,99
a=w 0.20 1,10 1,18 1.2 1.07
a=x “G.{]] l.DD GI?’E Dl?? 1.&9
a=-Y -G.DLL 1-ﬂh 1-'::'5 0093 0-92
b" 1 G-lE l..l.l.l. 1109 0.53 DI?S
b= 2 0. 38 1.21 1.1 1,19 2,10
b- 3 G042 b 195 1.22 1.36 0.81
be U 0.1 1.23 1,21 1,19 1,14
b= 5 0118 1,28 1.40 1.17 0,89
b- 6 0.h1 1,35 1.29 1.36 1.30
b= 7 0.54L 1,13k 1.43 1.42 1.23
b= 8 D.E? lll? 1-1!-1 1105 G.BE
b= § 0.19 1.23 1.05 1,10 0.30
b=10 0,22 1,23 1,18 1.08 1,00
b-11 0,15 1.1 p 0 i 0.82 1.1
b-12 0.30 1.20 1,10 1.1 2.15
b-13 .1 1,20 1.17 1.11 1.40
b=1l, 0.h2 1.27 L.28 1.32 1.17
b=15 C.L7 1.26 1.38 116 0.83
b-16 0,31 1.32 1.23 1.12 1,39
b=17 045 1.30 1,42 1.2 XT3
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TARLE 6.2
(Continued)

SIMMARY OF ) FOR M50, 733s 120, AND "max

e o) AMag) Mg Mimg) M
and bl 7 ki T M

Record £0 13 10 max
b~18 0.2 1.28 1.2L 1.28 0.50
b=19 .27 1.25 1.18 1,17 0,88
1=20 0,18 1.26 1.27 1.35 0.93
c= B 0.34 1.18 1,21 1.12 0,89
C= b 'anﬂ 1025 1.3 lrEB 1.20
e- T 0.16 1.05 1.08 1.06 0486
c= B 0,08 1,06 1.09 0.99 0.67
=12 0.30 1,18 1,09 1.07 0,94
¢=13 0.43 1.1L 1.24 1,36 2.50
c-1h OsL9 1425 1,31 1,28 .96
e=15 0.l0 1,30 1.25 1.10 :
E-l'El 8] -16 11{]6 0 199 I-DS G -?}.l,
e~17 0.0 1,18 1.19 1,20 0,98
c~18 0.65 1,29 1.29 1.38 0.95
=20 0.32 1.10 1,11 1,19 1.33
G—El 'D|39 1a15 1-13 1-23 l.l?
c=22 0.23 1.11! l.D{J 1.00 11hﬂ
g=23 0«39 1.17 1,20 1.23 113
C-Eh Guhﬂ ll13 1-18 1;Ell. 1-22
c=25 037 1.15 1.15 1.25 1,08
d- 1 0.L9 1,60 1,56 1,79 1.09
d- 2 0.l J2h 1.40 1.18 0,85
d= 3 0,18 1.26 1,30 1,51 2.30
d= L 0,50 1.31 1.23 1,19 1.h6
e- 1 ~0,0L 0.99 0«27 0.91 .94
g 2 '3.11 l-cﬁ 1,02 140‘3 1.05
g=- 3 —0030' U-?E G-Ba 5-31 G.hl
a= L 0,17 0.B6 0.09 0.76 0.80
a=- 5 0,12 0.7k 0.79 0.6k 0.37
e- 6 0,22 0,90 0.804 0.69 0.77
e= T 0.U2 0,06 0.81 0.0l 0.86
e= B =041 0.86 0.8 0.79 0.86
= 9 0.02 1,00 0,98 0«98 0.87
e-10 ~0.07 0.95 0.93 1.02 0.95
a=-11 -0,07 0.98 .96 0.99 0.93
3-12 "'G..:LT Di?]— 0-91 GIQB 1]05
e-13 0,06 0.99 0,98 1,02 1,00
a=1ly ~0.13 .91 0.08 0.85 0.76
e=15 ~0,17 0493 0493 0.56 0,93
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TABLE 6,2
(Continued)

SUMMARY OF A FOR 150, 733 7105 AND 7 pax

Sourca
and r( 9, A) Moagg) A (m33) A(nq0) 7 max)
Hecord . o
e= 1 to 5 =0,16 0.9 0.91 0.83 1,00
e~ 6 to 10 =0.22 0%92 0.88 0.90 0:91
e-11 to 15 =0.10 0,94 093 0496 1.06
e- 1 to 10 "'0019 0.92 0-9(] 0&8? llg9
- 6 to 15  <0.16 0.93 0.91 (093 1,09
ﬂ"‘lé -0-01].
e=17
f" 1 0‘613 1-L|J-| lqs? 10?3 1-112
f- 2 374 1.34 1.33 1,02 0,70
T 3 0.398 1,30 1.37 0,95 1.33

S5« Mean Wave Period of Wave Heights Greater than a Given Height

The mean wave period rp of the highest p - percent wave heights
is a function of the correlation coefficient, remambering tkat the
correlation coefficient is that between v and A. For camparison
with theory the data in thils study were analyzed to include:

(a) v{(n gg), mean wave period of highest 50 perceat
wave heights

(b) (9 33)s mean wave period of highest 33.3 percent
wave heights

(e) t(n 19), mean wave period of highest 10 percent
wave helghts

(d) *( % 1), period of maximum wave height
t(n ) is assumed approximately equal £0 T(% pax). This information

is summarized in Table 6.3. Figure 6.3 shows these relationships as
funetions of r(m,A), together with the theoretical relationships:

T{T}ED}HJ! +0. 42 r iR =¥i+s 1,03 r (6.1)
T {7}35}=V| +0.60 r () = Y|+ .66 r

Where r is correlation cosfficient between w and A, the agreement
between data and theory is guite ¢comparable to that for A 'r;vp).
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TABLE 6.3
SUMMARY OF = FOR 550, m33s M0y AVD Mpgw

Source
aned (7. A) ¥ f“?go} T{"?33} T (M) T (Mmax)
Record
E-.& D-ha 1.1—3 lll? 1-15 1412
a-B 0.63 1.25 1.36 1.38 1.43
I“G ﬂ-ﬁl 1115 14-18 1-19 ltl?
a-0 {}I 5 l.ﬁﬂ 1-1':' 1.1[} 1-25
a-E Ua33 1,09 1.07 1,05 1.0k
a=f “]*56 1‘12 1-13 1*09 G’?S
A=} 0031 1.(}5 1.0& 1-11‘. 1-08
a-H c‘-EB 1-D3 :]vIDh 1.% 1-(:'?
I."‘I ‘C.ll[ 1402 1-{}3 liﬂll 140h
E-J -C.Gh 1.02 1;{:{] 019? 1.95
a=K 0,08 1.01 1,01 1.01 1.03
a=L U-l? 1105 1001], 1-U2 De?ﬂ
a-M 0.22 1.0k 1.04 1.05 1.05
I-*ﬂ '{]125 0199 U.F‘ﬂ' ﬂn?ﬁ 0-92
a-0 0,26 1,10 1,04 0.98 0475
a~-F 0.1l 1.03 1.06 0,96 0.89
a-G 0,08 1.01 1.01 1.05 1.0%
H‘R -Gqﬂ? 1.U’D GI?9 {1197 liﬂj
a-5 =0,05 0.58 1,00 .92 1,09
a-T -9-15 0.97 0,97 0193 GISB
a-U 0,19 0.97 0459 0,91 0,19
I.'-? gq-lj .14011 1-03 liuh- 1-02
a=W 0120 1-0? 1112 1-15 1.59
a=-xX -0,01 1qm D-99 G&F? 14%
a=T "Gaﬁh 14{}3 1-'DI|.J. 0196 G.?Q
be 1 0.12 1,08 1,06 0.92 0.09
b= 2 0.38 1,11 1,22 1.L5 1.50
b= 3 0.42 1,12 1.4 1,20 0.9
b= L Ouil 1,15 1,17 1,13 1,12
b= 5 G'ha 1-19 1-2}4 1-11'4 1-02
b= & 0.3 1.21 1.19 1,2k 1,22
b= 7 0.5h 1,20 1.2l 1,25 1,18
b- 8 0,29 1,10 1,09 1,03 0496
b' 9 Gl-‘-? 1912 1105 loﬂ? G‘-SB
b=10 0.22 1.1 1.12 1.07 1.08
b"ll G.:‘_S 1.‘:‘? 1iﬂ? 0092 1!]—1
h=12 0,30 1.12 1,08 l.11 1.5,
b=13 0.l 1,13 1,11 1.09 1.23
b=1l; Ous2 1,17 1.18 l.21 1.1
b=15 0.L7 1.1, 1.20 1.23 0.96
b=16 0.31 1.17 1,15 1,10 1.24
b=17 0.L5 1.17 1,23 1,22 1,40
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TARLE &.
(Cont inued)

SUMMARY CF T FCR M50, M33s 7105 AND Moax

Source
anid r{m , N\ T ( Mg) T "J33} (7 10) T (Max)
Becord
b-18 Dely2 1,16 1,14 1.18 1.00
b-19 De2T 1.1k 1,12 1.13 1,00
b~20 D.L8 1.17 117 1,22 1,02
D= 5 D.Bh 1'12 lllh l-ll D.??
g~ & 0.38 1.1 x 0 1t 1.16 1.1k
L ? D|16 1;&3 1103 1'ﬂh 9495
Qi ﬂ D.DE liﬂh 1-&6 l.ﬁl D!Eh
c-1Z 0430 1,09 1.07 1,06 1.01
e-13 0.L3 1.09 1.15 1,20 1.65
c=1ly 0.l9 1.15 1.19 117 1.03
[ Y 040 1.18 1,16 1,10 1l2
G'lé 0-16 1*@5 lnﬂl 1105 1#GG
c=-17 Dali0 1,12 1,1 1,12 1403
c-18 0,65 1,17 1.17 1.22 1.03
c-19 G-Sﬁ 1.19 1.26 1,20 1.0%
o=-20 D&}E 1|DT 1.GE 1n12 1-19
c=21 0.39 1,06 1.0k 1.13 1,11
e-22 De23 1.0% 1-05 1.Dh 1.23
o-273 0,39 1.10 1.12 1.13 1.25
c-?h ﬂ-hg 1.@8 1;11 1*15 1.1L
E‘EE GIET ltD? 1-D9 lulh 1-0?
d= 1 C.l9 1.18 1.22 1,40 1.48
d- 2 978758 1,15 1,23 1413 1,00
d=- 3 0448 1,15 1,18 1,29 1.61
d= 1 0,50 1,09 1,12 127 L.27
g= 1 =00l 1,00 0.99 C.97 D79
o= 2 0Oe11 1&Gh 1-@3 1.05 1-&5
B 3 'D¢3D 0195 0193 0.9 Gaﬁs
a— h -DvlT Gl?h 0195 EFBF G-?B
e= 5 =0.h2 0.90 0a93 (.8l 0.66
a- 6 -0,22 0.95 0.93 .97 0,50
- ? —Doh? D-E? GQFB Dlgh ﬂ-ga
a= 0 =0.l 0454 0.593 tha 20 0.95
e= 9 0.02 1,01 1.00 1.01 0495
e-10 -0.07 g =13 0,96 1403 1.00
E—ll —G;OT 14GG 0199 L-Gl DO?B
ae-12 -0-17 D-FT G-?? L.Gl l.ﬂﬁ
a=13 0a00 1.01 1.01 1,03 1.03
e-1l -0,13 097 0.96 (.55 0490
e-15 =0,17 0450 0.96 0,99 0,98
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TABLE 6.3
{Continued)

SUMMARY OF T FOR TTgq, "?33, M0s AND T pay

Source
and (7 A) 7(1?5{)} 1."(1733} T{ﬂlg) T{?}max}
Record
e- 6 to 10 -0,22 0.97 0.95 0,97 .98
g-11 to 15 -0,.10 Dq?? Gn?a 1,00 l.%
B= 1 tra 10 -G119 019? G-?é 0095 ll{jﬂ
2-16 -G.Oh
g-17
f~1 0.613 1,25 1,32 1.3% 1,29
f- 2 D-j?h 1-21 -1-122 l-a? Gi?l
=3 0.398 1.17 1el@ 1.00 1.23

6. Percent of Waves in Quadrants

The percent of waves in fouwr gquadrants for various limits of and
have been detemmined from the wave data, where

PI =P[1,1]

PII-P[m,1] -[P 1,1] e
PIH=P[m,m] -P[CU,I] -P[l,d]]+P[l,l] -5
Pry =P[1,m] -P[l,l]

This information is summarized in Table 6,4. Figure 6.l shows these
relstionships as functions of the correlation coefficient, No
theoretical relationship is shown sxcept for r = 0, r = +1, and r = <1,
The sclid lines are assumed linear relationships between v = O and

r = +1,0, which of ¢ourse represenis an approximation not in too bad
agreement with data, The dashed lines are 9% percent confidence
limits,
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Source
fecord
a-A Ouli3 0.0 8.3 33.9 17.8
a-B 063 .2 6.0 3.6 Q.2
a~G Giﬂ 36,2 ?-9 3-’4- 19-1
a-I G-hs 32-8 1_3111 32-3 21;8
a-1 J.33 36,1 17.8 22.9 23,2
ﬂ.—? DIEE' 38.l| 1&!1!2 .33!? 13-?
a-0 0.31 Aol 19,4 279 18.3
a=H G.ES BLI.-S' 2{7'-? 21144‘6 JL.E
a"I Gol}-l 32-3 Eﬂjl 22-3 EE l_3
a=J ~0,0h 36.2 2l.8 15,8 23.2
a-x .08 0.1 20,2 18,4 2343
a—L D-l? 33-2 1942 21-? 25-9
a-—'-}] 0;22 32-& 22-6 2?&9' 16-9
a=I "'0.25 31-9 23-2 lll. ? 301-?
a—D D.EG 32-9 25:5 ET -5 1?-1
a=F I:J.lh ?1'_,].}.[. 2?-1 23-9 2346
a=3 0,08 32,1t 18.4 25.8 23.L
a~fit =,07 37.0 22.0 is, 25.5
a—S -G.DE E‘Bta 26-1 l?v? Egoh
a=7T "‘Dqlf.l' leS 3‘D-D 154 2341
a-1r 0,19 35.6 20.8 11.0 21.8
a=y Gclj 33-11 15- ? 25-1 25-8’
a=W 0,20 35,0 15,0 30.0D 20,0
a-X =01 25.0 20.7 25.6 28.7
a~-¥ =040l 28.9 22.2 26,7 22,2
b~ 1 0.12 395 16.0 17.0 25.5
he 2 0438 31.0 130 32.0 24.0
b 3 .42 35.0 15,0 27.0 23,0
b= 4 0.1 30.0 17.0 28.0 17.0
b~ & D.18 L1.0 18,0 26,5 1.5
b= & 01 43.0 21,0 27,5 8.5
b~ 7 0.54 39.0 18,5 28,0 1.5
b= 8 0.29 38,5 21,0 23.5 17.0
he 9 0,19 36,0 21,5 2h.5 18.0
b“"lD 0,22 J—f-ﬂns J—-L-S Ehu{:‘ E.I!J.G
ka1l 0.15 34.5 21,0 26,5 18,0
a1 0.30 373 20.8 26,8 15,3
b-13 D41 38.5 18.0 29,0 1h.5
b“‘ls g--l-l.? -'El-ch 25-5 22 05 1—1-0
b=16 D.31 35.0 1.5 32,5 .0
h=17 D5 Lz.5 4.5 31.5 11,5
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TABLE Oa h
{Cont inued)

SMMMARY OF Pp, Prys Prrrs AND Pry

BSource

and {n,\) Pr Pr1 Frit Bry
Record

b~18 Ouh2 395 20.5 27.0 13.0
b~19 0.27 Lh2,0 22.5 23,0 12.5
b=20 0.:8 33.0 29.0 28.0 10.0
¢~ 5 0.3 36.6 16.8 2742 19.L
o= 6 .38 2.6 9,3 27«5 0.4
= 7 0.16 20,1 22.2 22.2 254
cw- B 0.08 35.8 13.08 25.0 25.4
e=12 0,30 3L 26.3 27.2 12.4
c~13 0.3 36,6 26.3 24.5 1.6
c-1l O 1i§ 32.h 16.7 B .0 12.9
c=-15 0.0 36,9 20,3 32.9 7.9
g=16 Dul6 33.3 23.4 23,0 2043
a=-17 Lt 38.2 17.8 3.2 13,8
c~18 055 0.9 17.3 25,9 15,9
e~19 0,56 45,2 11,4 33.3 10,1
o200 0,32 0.3 6.6 32.0 21,1
c=21 {3139 hE.E 15:.{-" 29-3 13-6
c-22 0423 364 20,7 19.9 23,0
c=23 1439 0.3 17.5 22.8 19.h
=2l 0.ho 9.9 17.0 28.4 .7
0—25 0-3? 384L'l Lh.ﬂ 26.2 1.0
d= 2 0.1 04358 0.170 0,321 0,151
d=~ 3 M 03374 0,177 0,326 Dal21
a- L 0,50 0,330 0,122 0.322 Gl 226
gw 1 -'O-Dh. 291':1 23-5 Ehfg 2’.1.-0
[ il 2 U-ll 2910 23i0‘ 21.1.0 ghig
g= 3 -0,30 23,0 28,0 16.5 32.0
B _E: -0.}42 Eé-{:’ 32*0‘ lElD 30-0
e 6 -0!22 EG-O 32-0 1—2.'& 30.0
g= 7 ~0.052 25-5 29.5 1605 28.0
g- <00 25.5 2945 15.5 28.0
gre 9 U.GE 31.5 26;0 ZDiS 22.5
e=1C =007 31.0 2640 20.5 22.5
e=1] ~0.07 29,0 26,0 8.5 26,5
g=1¢ "D;l? 2?-‘:‘ Et'p':} l&-E 26.5
g=17 0,06 250 270 1ITe 270
E-l_h "‘D.lj EE.D 2? -D 1?-{} 27,0
e~15 -0.17
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TABLE 6.l
(Tontinued)

SUIMARY OF Pr, Pri, Prips AND Pyy

Source

and r{n,A) Py Prr Pryg Pry
Regord

B 1 tl'G 5 "G-]—&' 261‘:‘ 2\5.8 18'6 28-.’4
z= £ 1o 10 0,27 27.0 28.6 YTaT 2642
2=11 to 15 «0,10 22,0 2645 17.8 26,8
[ 1 to Q "'0119 2@!9‘ ?Th? 1?-9 2?.3
B 6 to 15 ‘-Oql‘f.'- 284.1.]. 2?.\5 ]?.E 26.5
g-16 ~0.0l 29,8 25.0 18.8 26.4
g~17

f=- 1 24613

f- 2 04374

1'."- 3 0-398

{_:"2}-{ 25.(»' llté 30.2 _-,256
g"‘lg ::_IU.E‘ 1—1-5 52-9 1hl?
g=31 15,2 18,2 33.3 33.3
g-25 33.3 26,2 21.h 17,0
35 33.3 6.7 27.8 22,2

T« Confidenca Linits For Correlatieon Coefficients

Because the stabistical parameters, including r{n, k), will very
from one seemingly similar record to anotner, even though tha semple
gsize remains constant, the correlation coefficient r is merely an
eatinate subjeet to sampling error. ¥For any ohserved value of r one may
get limits which will be wide enough to include the true value with any
required degree of confidence, say 0.95. These limits are called the
95 pereent confidence limits. If r = observed value, then p= true
value of correlation coefficient. The true value,p , although unlmown,
is net a random variable, zo that one should not speak of the
prebabdlity that p lies betueen the confidence limits. Instead ris
the random variable and there is a probsbility that the confiderce
interval (between upper and lower confidence limits), which iz a
function of r, will include the true value, so that in saying of cne
confidence interval that it dees include the true value, there
stands only a S percent chance of being wreng, and therefore a
reasonable chance of being right,
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Hinety-five percent confidence limits for correlation coefficients
when N = 100, from Fischer (1915}, are presented in Table 6.5.

TABLE 6.5

95 PERCENT CONFIDENCE LIMITS FOR
CORRELATION COEFFICIENTS

N = 100
r Upper Lower
0 0,197 ~0.197
E‘ 1-1 ﬂ L] 292 "DcD99
02 0.383 0.003
Ca3 0,470 0,110
Culy 0.55L .220
0.5 0.635 0.336
0.6 0.713 0.457
0.7 04796 0.583
0.8 0.B62 0,716
0.9 0.932 0,854
1.0 1.000 1.000

For ;» minus, the 95 percent confidence limits are the negative
of the corresponding values for r positive in the shove table.

8. Test for Linearity of Repression

Mathematics and the theopy for test of linearity of regression
will not be repeated here, but is readily available in texthodks on
mathematics of statistics, for example, Kenney and Keeping {1956),
Part II, Chapter XI.

The continuous records, sources a and & only, were tested. The
non-continuens records appsar to have appreciable deviation from linear
regression, aecording to Figures 6.1 through &.lk. This may be a
preliarity of these types of nen-continuous rescords.

Data were tabulated in m~rows and A-colwms at 0.5 intervals.

The records average about 100 waves each for both sowrces., Source a
averaged 6 rows and 6 columns, whence the number of degrees of freedom
nm =6 ~2=kand np =100 - 6 = 94, corresponding to values of the

F distribution of 2.47 and 3.52 for the 5 percent and 1 percent limits,
respectively. Source e averaged 5 rows and 5 columns, corresponding
to F values of 2.71 and 1,00 for the 5 percent and 1 percent limits,
respectively.
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Table 6.6 presents the results of the test for linearity. For
both seurces it is seen for a number of cases deviation from linear
regression is significant for the regression of ® on M. However,
in most cases for A on 7 the deviation from linear regression is
Insignificant. Perhaps in some cases an unsatisfachory linear
regression of wmon A may be dus to such physical factors as breaking
waves or limiting % values for small A, The reverse of Aon 7,
however, does not appear to have the same restriction., Deviations
from the Rayleigh distribution may aleo have an effect on the
linearity of regreasion.

Zased on the above investigation, it is secen that the rslationship
of %(Ap), mean wave height for longest wave lengths is not entiraly
satisfactory for predictiom purpeses. It can be concluded, AOWEVET ,
that the relationship of XA (%p ), mean wave length of highest wave
heights, is satisfactory; and, therefors, the relationship of *(n, },
mean wave period of highest wave heights, is also satisfactcry-fu£
prediction purposes,
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TABLE 6.6

TEST FOR LINEARITY OF BREGRESSICN
(F -~ Distribution)

Source
- 2R F F
E e N Ya) P E("*’!“"?) Fan 5% 1%
a-A 46078 7457 2.02Lé 1.91  Between Between
a-B 8.8191 19.72 7.7611 6413 2. 3.5
a0 1.1408 1.51 2.0005 2.50 and and
a-D 2.2240 2490 2.0327 Se3d 2.5 3.6
a-E 2,08580 2.78 0.6380 0,92
a-F 1.2390 1e26 1.6890 3.65
a~G 5,083l £.12 2.8955 L457
a~H 12.7390 11.63 2,0765 312
a=1 9.‘8605 10.58 1.2777 'Znh-l
a-‘K 34 EgTD ho 28 Gissﬂ? 0. 55
a~L 2.?1-[?2 2-88 1-??55 1.93
a~M S.36 T.33 2.8065 3.82
a-N 2-'5298 1-1[14 Enﬂ',;é} 2- h.s
a-0 3-9535 thll BoDThh 3.13
ﬂ"'R 2-51311 2-05 1&1509 lt26
3~5 9.2409 15.21 C.LT710 0.68
E"T _3-2277 5-111 017225 0188
a"U 1.0?13 DdS? 107632 E¢23
a=V 3.33h2 3.68 1.0L25 1.79
a~W 5.h283 B.12 0.LBOO 035
a~-X 1.Lk2l 1.8y 0, 0680 0,11
ﬂ"lr 290063 2-59 2.81450 3 169
Ave, 5&119 Zohﬂ
B ] 1.&@47 2053 1-6553 h-{}D 2.71 h.U
= 1'35011 2.58 1.35147 2130
g= 5 0.5957 1.19 0, 3505 0.51
a=- 6 1-658? 3.02 0-061’,2 0.08
B~ 7 G-?EHS 33."’:’1 1-hBBB 3-?5
e~ 8 1. 7hh 3.93 0,815 2.0l
g= 9 1 L7LT 3.00 0.2243 0450
a1l h-S?E,} 951114 0.220‘6 'DIS‘B
g-13 2.63%96 S.h6 0.353h 0.68
e=1l 7.3616 15.30 0.8L6L 1.20
6-15 2.2677 4,17 31746 11.23 2,71 k.o
ive, b-afa 2-211
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CHAPTER VIL: A THECRY OF WAVE SFECTRA FROM JOINT DISTRIBITION
1. OGeneral

A theory of wave spectra for ocean waves is developed from the
knowledge of Joint distribution of heights and lengths. The unit
form of notation is used throughout the development, and the final
form in standard units is presented, In the following development
certain assumptions are made. These are discussed when need arises
in the development, The general derivation can be made without any
knowledge of the exact marginal distribution funetions, except that
p{m ) and p{ A ) must be of the same variate, i.e., ;}'2_31 VOgm® Uy
etc; and it is assumsd that linear regression applizs for n 'on )
(or A on 7 ).

2. Energy Considerations

The definition of wave energy used in simple wave theory refers
to the mean wave energy per unit area of surfaces To obtain total
wave energy per unit width perpendicular to the crest the mean wave
energy per unit area of swrface is multiplied by the wave length.

In unit form the mean wave ensrgy per unit of area surface is defined
by

2
M
q’:?—'-g (7.1)

and the total energy peor unit width 1s given by

@=qX (7.2)
where
i 2
EPH . e '
.1? = 1?2 = f}z-“ (T-E}

Tt can be seen from (7.3) that both (7.1) and (7.2) might
represent either the potential energy or the kinetic energy, or both,

In the material following 7m and A symbols are used, and 72

will be called energy, although the actual energy must be obtained
by use of g' and Q' from above, whence
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g=n? (7.4)

and

Q=n% A (7.5)

In Cartesian coordinate system for fwo directions let g =9°
be parallel to the ordinate and A parallel to the abscissa, amd it
will be seen that Q is the area under the line %= constant bounded
by the interval between @ and kA . In the same system q will be a
point whose coordinates are n¢ and A.

Gonsider next a wave record of N Haves, in ich there k
number of '17,, aaving Ai of class 1 between A+ and Aj—
and the sim ¢f g3 and the sum of Qi become

=E nf = k2 (7.6)

Q‘l=k'qi'3 }ui {?IT)

Limis asg A A0

It can now ba geen that Q§ is the area under the line lvc-r,t =
constant bounded by the interval O and A as HA ——> 0, and t.hat. a4
is an element hounded by km# for the increment Al , but as AA—O
a becomes a point whose cocrﬁmates are k"?q and X; « This poimt
is one of many such points on a curve as the process is repeated for
other classes of A, This curve is called the h spectra of q or the
A spectra of n2,

In ths above it is not necessary to assume for a complex sea
that one may compute q or g' from the measured wave heights, which
appear to be changing with time, and hence it is nol necessary to
assume individual values of g proportional to w2 for a complex sea.
It is only necessary to assume that the statistical distribution of
7 __f_'_nr each class of A; is sufficient such that ‘@i is proportional
to 17 « The above appear., to be trus when all waves are considered
as Gne class, in which case ':;ﬁ 7m2 the energy coefficient; and for
the Rayleigh distribution ‘q?- =5- s Which is in agreement: with the
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na

data. When classes of ) are considered, it appears also that 7 =§f
where

™= (7.8)

=

|

and it appears that the above assumption is satisfactory for derivation
of a theoretical family of A specira of 72,

3. Deprivation of A Spectra of n°

The A\ spectza.of 7% is ob’f.ﬂrf_d by sguarding a1l and summing
72 between A+ ard A =-S5 a5 AN——= 0 for all )
between O and 00O+ Mathematically, in terms of tha joint distribution
function this summation is represented by

- |
Spzti= [ mteem Nan (7.9)

and

pim A =p(k) < py () (7.10)

$,2{ A}, the summation function of %° with respect to A , is
termed the family of A specira of 'r,ra. pin,X } is the joint
distribution function of m and A, p{ M) the marginal distribution
function of A, and py (n ) the conditional distribution functiom
of Ta

Fram (7.9) and (7.10) one obtains

©
_ 2
5.2 m-nm']; n2py (M 97 (7.11)

One may suppose that the integral of (7,11) evalnates by
definition

——_2: s 5
:ﬁfq 7Ry (A7 (7.12)

Thug
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sﬂa{hlr -q_}i plh) - (7.13)

To obtain the complete form of the A spectra of x2 one must
evaluate 7y o This can be dome analogous_to 72=K(%),
assuming linsar regression and 72 = X, whence

PN TV {7.14)

where 7, 1is the equation of the regression line of m on A, and
from Chapter V

ﬂ'{l—-rl-&rh (7.15)

and
2
'r?f - [{IHr]+r L] (7.16)

The constant K3 can be solved from the condition that the area under
the X spectra of 7% is equal to the energy coefficient m2 ;

@D & :
7 =f; 57; (A} dx (7.17)

and using (7.13) and (7.16) one obtains

2 ] P 12:\ 5
L i s

or expanding and by definition



fm 5 (NdX=10
0

m -——
f; ApMdh= k=10

m it
f; Yolk)dh = ¥

Sinee
R
"2
K':I: 1?_
I+r2{'.r;r N
Thus
72 [1=r+e2]?
5.,1,2 {A) = — ptA)
I+r2 (m%=1)

ez

(7.19)

(7.20)

(7.21)



bs T Spectra of 72

Eqe (7+21) can be transformed into the T spectra of 7% by noting

5.,?2 ':Md:'\=$,}2iﬂdr
plAlah =p{r)dr {7.22)
AzgT?
Thus
g T 2
72 (i—r +ar 2
§n2 (7= ] p(T) (7.23)

l+e2(n2 —|)

In the above r is still the correlation coefficient r{n A ).
Assuming the Rayleich distribution for wave length variability

applies over a range of correlation coefficients applicable to wave
data, Sp2(A) and 85,2(7) respectively, are given by

}LE
2li=r+r i S -Xo
SqeN=="gseay he 4 (7a24)

4a®[i-r +ar Tﬂa = e-O.E?‘E ok

S._ 2 {r=
7* |+0.273 r2

(7.25)
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In (7425), a = 0,927 for the Hayleigh distribution, and it must
also be remembared that r is r(m, M), the correlation coafficient
betweenyn and Ao Figures 7.2 and T.4 respectively, show Sy 2(A)
and S 2(7) for various valusa of r(m,h) between r(n,A) = =0,4
and +0.6, It is believed that for megative r{7,A) greater numerically
than ghown (=0.4) does not ocour in nature; and furthermore, the
relationships will tend to fail if applied outside this range. Figures
7¢1 and 7.3 show the carresponding spactra, Sﬂ( \) and 51;1 s

5e Peried Spectra

The standard form of the period spectra may be cbbained from the
wnit form by noting

8.2t dr= SHEiTl a7

7]'
=H
i+

. |
- (7.26)

Z

2
3.434(R)°| 1~ +0.927 ¢ (L
[' f ‘(%) 73 e-u.575[%

| = —
(+0.273 ¢ [T]

4

] (7+27)

5H21T1=

6. Frequenvy Spectra

The period specira may be transformed into the fraguency spectra
by noting that

j‘; SHalT]dT= fm SHz&uidmz—j; SHalwldm (7.28)
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w= &% dw=~ 2L g7 (7.29)
Thus 5
o B 2
3.434(R) [I-—r +0.927 (2L } 24
‘ — —nm——
Sy2 @) = - () (o) & 0TS (r.30)
1+0.273 r2 w

Te Propertiss of Wave Spectra

" From the above proposed wave spectra, one may determine certain
properties discussed balow.

Peak of ¥ Spectra of m2: It is of interest to investigate the
peak of the v spectra of 7m<, this representing the band of wave
periods around which is concentrated maximum wave energy. This peried
will be called Tgp, the optimum period, and may be obtained from

d[Ssq2 (1]
dr : =0 (7031}

vheanca

ll—-r}e[li- E.T-rzp] + 2ar H—r}rip [IG—- 5,4T:p]+ uzrzr;p [?—2.?7&]* 0 (7.32)

Eqa (7.32) is a quadratic in terms of r, from shick it follows
Ar®+2Br + C=0

2
Fa .'ZE’_H_E_‘_“E (7.33)
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where
A= [3 "TF(U T,,zp)z]" m—z[ID—Z fr{ar-?}z] +lar?)® [T—-Tr (uralz]
B = [- 3 +1F{GTZ}2] +ar? [5- ™ {u—rzli-‘

¢ = 3-wlard)’

Table Tel gives typical valuss of Top for various correlation
cosfficienta, v{ 7, A)a

TABLE 7.1
Top AND 7 (733) VERSUS CORRELATION COEFFICIENT

2 To
w{at 2.;,?} r(mn, A} Top (" 33) ﬁi‘}
3.00 s 1,.0267 1.0000 1.0267
3,25 0. 0616 1.0475 1.0183 10287
3.50 0.1159 1.0671 1.0353 1.0307
3.75 0,1753 1.0856 1.0813 L.0326
;lu rgh O 22&0 1.1032 1'0662 1-03117
L2 0.2810 1,1200 1.0810 1.0361
LS50 043346 1.1363 1,0958 1.0370
.75 0.387L 1.1517 1,1101 1.0375
LS00 O k21 1.1665 1.1248 1.0371
525 0.1586 1.1R08 1,1398 1,03460
Ce50 0.5573 1.1946 1,1551 1,0342
Ca75 0,6193. 1,2080 1,1711 1.0315
6,00 0,686 1.2210 1,1877 1,0280
6425 0aTL5D 1,2335 1,2029 1,025
6,50 0.8295 1.2L57 1.22k2 1.0176
6,75 0.9109 1.2574 1.2L436 1.0111

Relation of Optimum Peried to Significant Pericd: The
signiTicant wave definition has been selected quite arbitrarily,
It was fond that observers tend to report a mean or representative
value of the higher wave groups, wiich was termed the significant
height, and the carresponding aversapge period of the high groups was
called the significant period. Tt was found from wave record analysis
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that this significant wave agreed quite satisfactorily with the
highest one-third waves in the complete record. Hencs, the
significant wave became attached to the average height of the
highest ons-tiird wmves, thoreby beinp a statistical parameter.
The significant periocd veing defined as the average period of the
highest one~third waves was not a uscful stabistical psramster since
no knowledpe existed in regard to correlation, The sipgnificant
period is only & useful statistical parameter when the correlation
between 7 and A is known, and it has besn discussed in the two
praceding chavters. The significant peried being related to the
higher wave groups should be expected to bear a close relationship
to the optimum peried, It is shown and verified in Chapter V that
the significant peried is given by

T (331" Ty, = V#0607 (7.3k)

Table 7.1 shows T3y /4 for the various values of r(m, A)s The
column of _18 also prosented in Figure 7.5 shows that the

ﬁH 33

slpmificant period is very clesely related to the optimum pericd, as
should be expected. Thus the significant period has a definite
sipnificance in the study of ocean waves.

Maan Sguare Wave Steepnegs: The mean square wave steepness is
g

given by

[.Hz , E’“(Ji)"' 552 Nk (7.35)

or using (7.26)

————

n1" ity dh ( )
A ::-———-—-—-—- _T iz 7'36
[h] 1+0.273¢ flﬂ 'Hrm h

Gxpanding (7.35) ‘one obitaing

— T M

m “ ri S rm——
et . Te37
{1] +0. a'?:.rE [J; [ i }‘]e ¥ (re30)
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The last two terms of the above integral lead to finite results,
but the first term must be intsgrated from a lower limit A p4y,
discussed later. In this respect one obtains

————

2
gl Wby =
Eﬂ' 1+0.2737 2’“"”“'%"2-*""”1 xe 4 9 (7.38)

min
Consider the exponential integral
E.lx)= zf -‘1- dx (7.39)
f
Let :t%- dz=——§—ldl
whence
© - ! = @
Eihﬂr:f -%-e zdztf —%—e ? 4z +f -‘z-ezdz {7.40)
Bip © . |
min mn

%‘hehé?st half of the above integral is cbtained frem Jahnke, ezi al.
19

o ] —Z
F_,.m=_]; Fe ©dz=0.219383934 (7.41)

Expandisg by series the first part of the integral of (7.L0), and
integrating, one cbtains

| ; 2 4
i ==Y k4 Z Z
—_— dz=‘ﬂl"'ll'— “+ — d wmes IE
j; e [ ( 2.2! 33l a.4) )]; i (7.42)

min min
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It will be noted th=t zy4y << 1, hence need be considered only
for svalunation of the term 1lnz. Using the first five terms of the
above seriss one obtalins

| -
f + ¢ tdz=—Inz_ —0.8039 (7.13)
% min
Whenoo
E/(x)=—Inz_ . —0.5845 (7.40)
N
and since :=14— and A=0,927 r2
Elxl=—2 Ink;~0.3464=4 InT . —0.2684 (7445)

The final form for mean square wave steepness becomes

; a 3
[11]' _lfnjm_rz [ru-r1+{~5.- +(1=1)° {—mrmin—o.oﬁ?n] (7.L6)

The selection of Tpinp is discussed in the next chapter.

Mean Square Sea Surface Slope: MWean square sea surface slops
relationships were derived by Cox and Munk ?19515} by use of tha
directional spectrum, the work of which is not repeated heres,
However, a less rigorous method is wused which results in the same
expression, A simple sinuscidal gravity wave may be represented

by

£=A cos kx (7.47)

where A is the amplitude H/2 and k =27 /L. The wave slope is
cbtained from

g—g-ll—l»: A osin ke (7.L8)
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The mean square slope of the single wave iz cbtained from

] - L [ o e [T i)

Next a train of waves may be considered for which the crest
lengths are sufficiently long, such as one mightinfer from a wave
record cbtained by use of any conventional wave recorder, end assume
that the statistics are sufficient such that the means are equivalent
to those obtained frem diserete sets of sinusoidal waves propagated
unidirectional; whence the mean square sea surface slope is cbtained
from

N 2
2.1 3 [9€
o ﬂi§|[dl } (T-EG)
Thus
[ 2 :
Where

2

[%] is the mean square wave steepness

Eqs (7.51) is that which one misht obiain when only a wave
record is available, a very minimm of information. The fact,
however, is that the waves may be short crested and direct.i,cmal, and
the assmption of sufficient statistics is required, At first it
appears that this assumption is not in order, but it can be shown
that 2 obtained from (7.51) is equivalent to that derived by Cox
and Munk (1956) the directional spectrum. The mean square
wave steerness [H/ may be obtained by use of the joint dis-
tribution function

X

[ - L2 R swiioma (1.52)

r
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or from thne period spectrum

2
Bl: ’cci
[L:l b I—-;'_rEHﬂ.T]'dT

g2 == fm K §.2(T)dT
§ Jy H

which is identical to that obtained by Cox and Mumk (1956), from
which the netation is Ty = 1/8 sg2(1).

In terms of frequeney w (7.54) becomss

a4
Y -
g ='jﬂ— j;} ?SHdim?dm

Accordinz to the notation used by Neumann and Pisrson (1957)°2
z

542 (whdw=4 [.ﬁ.l_u.il du

Where g is the same as w and A& = H/2.

It can be ghoomn that in it form

y

9
(]
i
=
]
o3
0y
1
=3
[
P
i 3
|

z
where [ih:l iz oblained from (T.46).
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Although the family of specira ape not intended for very steep
waves, (7.58) for all I/L = 1/?([7]1"'};[ = l.D) reduces to (7.51),
and predicts a maximum value of mean square sea swface slope

c2.y = 0.10

The maximum value of o2 can be obtained alse by use of the
Michell (1893) theary by comsidering all waves initially have
H/L = 1/7 and following the procedure from (7.L9)., Using surface
elevation £ as a function of x cbtained from Michesll (1691) one
cabtaing

]
O max = 0,11

and perhaps the family of spectra can be extended quite far into
sarlier generation,

Spectral Width Parameter: It is ol Interest to investigate
the spectral width parameter, since this will cast some llght on
the change in wave spectra during generation and also during decay.
Aceording to Williams and Cartwright (1957) a non-dimensional
spectral width paramster is defined by

£ = | =

MM (7.59)

where the n®2 moment M, of @{w} about the origin is

w . ;
M, = ']‘0 w"Elwldw (7.60)

%(w ) is the energy spectrum in terms of the freguency
Elw) =1/8 p g 542 (w )a With the proper transformation the
A spectra of m< can be used to advantage, whence

-J‘m
Mg = ], Sn2iAidA
e A
M2=J; 5,2 (M4 (7.61)

a
_ d X
M, fu Spelhl N
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The mean square sea surface slope and the speetral width
parameter are discussed again in the next chapter,
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CHAPTER VIII: GENEENTTON OF WIND WAVES IN DEEFP WATER
AYD THE WAVE SFECTRA

1. Genaral

The preceding section presented ths general form of the period
spectra and also the freqguency spectras The family of wave spectra
in general s very useful in explaining the generation of the so-
called complex sea, composed ol wvaves of variable amplitudes and
frequencies. In part, spectrum of waves is evolved by the gereration
of waves from all poinmts within the fetch area.

THe wave spectra can be used to advantage in describing the limits
of the wave forecasting paramcters, origimeliy proposed by Sverdrup
and Munlc (1947) and revised later by Bretschneider (1952)3, The
forecasting relationships mentioned above are revised again in this
saction,

2« [eep Waser Wave Generation Parameters

The growth of wind waves 1n deesp waber under Lhe action of wind
may he reprosentad by the following parameters:

aH _ . f9F @

F- fl (’F . T) (8.1)
and

aT__, (9F ot

el - 2 (F ' u) (8.2)
where

H = wave height

T = ware period

g = geeeloration of gravity

F = fetuch lengih, distance over which the wind blows

U = wind speed

t = dwation of wind

Eqs. (Ue1) and (8.2) result from the application of the PI-theoarm
(Buckingham, 1914) and dimensional analysis. This operation has been
performed previously by others, for sxampls, Johnson (1950), The
above formz of the parameiric equations were arrived at from an
entirely di“ferent approach through the theorstical work of Sverdrup
and Munk {1947). In the following the mean wave height and mean wave
period become guite useful, whence, for (0.1) and (8.2), respectively,

27



I (8.3)
9T .
gmu R : (Eth)

where Fq and F, are funetions of wind speed, fetch length, ard wind
duration. The significant wave height according to the Rayleigh
distribution iz given by

Hyy=1.6 H (8,5)

The significant wave period is related to the mean wsve pericd through
the correlation coefficient r{n,A)

T{Hsﬂ'T JI1+0.6¢ (8,6)

The use of Egs. (8.5) and (8.0) permits the interchange between the
mean wave and the gisnificant wave, when such need arises.

3« Wave Spectra In Terms Of Generation Parameters

The period spectra is [dven by (7.35) of the previous chapter,
The corresponding frequency spectra is given by (7.38). Using (8.3)
and (8.4), the corresponding spectra, (7.35) and (7.38) respectively,
become

[ g7 ¥ 3 4
I~r +0.927 r ( )] .
ST ) ]t T ;"-“5[2:7] (57

H 1+0.273 r2 (2 n)* 2
and

=r+0.927 (3 .=. 4
Lok "F Uw g
Syaiul 170,273 2 b Lo 2 ’
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whers

& 2
a%3 437 F—';- IETrE[-E—-] (68.9)
F, C
and
2 =_2 4 ol
.EI‘—t[q—r;] 'I'I"U] = 4k 27”; {3‘10}
Fa u 9T glm)
For large w(8.8) becames
g 22
|—r+0.52?r(-
2 [ Fg””)] 2 -5 (8.11)
Sy W5 773 2 ayw

Eqe (8411) can be compared with that given by Burling (1955).

Syy2lw)= agiw (B.12)

Eq. (8.12) is based on the high frequency components under steady
state conditions, and has also been proven to be true by Phillips (1957)
for an emtirely different approach by use of the definition of the
energy spechbrum and dimensional analysis, a priori reasoning. For
this to be true for a fully developed sea, (8.11) must reduce to (8.12),
thereby sugzesting Zero correlation. Thus, a fully developed sea is
in a steady state of non-correlation, unrestricted by fetch length
and wind duration, anf Fj and Fp reach upper limits. Based on very

acourate measurements Burling (I955) obtained for a an absolute
constant:

g=T7.4%10 (8413}

i« Evaluation of Upper Limits for Wave CGeneration

The fully developed sea is specified by zero carrelation and (8.7)
and (8.8) rsspectively, become:

4

T
S e-n.ara [—q—-]

g 2(Ti=a 27UF
H 2
2n*

(Be1ls)

4
= g
Szlwi=ag®ew™® ¢ Q9 (Fguw) (8,15)
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Since (8.13) is cbtained for a fully developed sea, this
repregents a minimum value, apin. For a to be a minimum, Fs, of
(8.,14) must be a maximmm, There may be some argument that 52 sught
to be baged on (8.15), but this concept is contrary to wave observa-
tions. As shown in Chapter VIT, there is an optimum peried; Typ, for
which oceurs & peak, or maximm concentration of wave energy. 3Since
Top is closely related to T3i, Fsy should be based more correctly on
tglflh}. The optimm peried %qp gs cotained fram

d [stlTF P
daT (8.15)

and using (8.1L), one obtains:

4 9 Top
(Fodmax = /0.9 Sl (8417)

When the corregponding group velocity appropriate to T, is
equal to the wind speed, maximum wave generation will have been
reached, and the enargy front will tend to leave the gensrating
ares. oSince the group velocity will bte on the order of one-half the
pvhage velocity appropriate to Tops one dotains

C qT
9 p
2-10-5(52) -
Thus
4
(Fa}m“=2 Vﬂg =|,95 (Bd?]

According to the work of Sverdrup and Munk (1947) the maximum
value of Fp = 1,369 (since T = Ty /5, zero correlation for a fu
developed sea)s Later revisicnsléy Bretschneider (1952) placa the
upper limit of Fs = 1.5, a Jow compromise between resulis obtained
from additional wave data and 1.369. Neumann (1952) utilizes 4he
value of T2 =1,369. These values of Fo = 1,369 and 1.45 correspond
to gFfUE ¥ 10°, Perhaps the agymptotic value of F» = 1,95 has not
been completely visualized, since it will cgeur near ﬁfﬂz =6 x 105,
as shown by the data in Figures 8.1 and 8.2. In fact, some data show
Fo in excess of 2.0, but this excess may be due to scatter of data and
slight errors in dbservations.

Assuming (Fo)pax = 1.95 as determined above and supported by

chservations, one may proceed to evaluate (F1)pax far a fully developed
sea,
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Previous investigators have reported maxdimum values of E%'ﬁ

E‘El‘ = 0,26 Sverdrup and Munk (194L7)

2
- U " max

I gH
_Ig 5.2 J = 0,30 Rossby and Montgomery (1935)
; max

. The value of 0,26, based on the theorstical work of Sverdrup and
Mk (19L7), was also utilized by Bretschneider (1952).

Using (8.3), (8.5), and (8.9), one cbtains for minimm value of a:

a . =6,28 x 1073 for gﬂg; - 0.26
min "
U
@ in = Ba36 x 1073 for glys = 0,30
Thus it i1s seen thst in both cases, Opip is close to the value

given by Burling (1955). Tn view of Fn = 1.95, indications ave that

2{%2 = 0,20 has not yet attained the upper limit associated with the
U

fully develcped sea. FPerhaps the valus of 0,3 slightly exceeds the
1imit of the fully developsd sea, which might have resulted from the
method of observations. In order to obtain a more accurate value of
(F1)pax for a fully developed sea, one must consider the source of
data, and the accuracy of the methods used in obtaining the data,
Field data, winds and waves, used by Sverdrup and Munk (1947), Rossby
and Montgomery (1935), Heumann (1952), and also Bretschneider (1952)
as a matter of fact, entail a certain amount of subjectivens=ss.
Although these data become guite useful when averages are considered,
greater accuracy is required for establishing the theoretical upper
limits, The more recent data used by Burling (1955) for cbtaining
a= 7.5 x 1073 are very reliable measurements, making usa of the
capacitance wire recorder developed by Tucker and Charmock (1955).
This ingtrument records very accurately high frequency components

of the wave system not normally recorded with any degree of
satisfaction by other methods.

In view of the sbove one must concsde, based on_very accurate

measurements of Burling (1955) that @pipn = Tel x 1073, and for
(Fg}m = 11951 one obtains
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1:FIjI'I'II:ll{ =0.178

(8.20)
corresponding to
9H5y _ 0.78
max

0. Evaluation of Lower Limits for Wave Generation

Evaluation of the lower limits for generation of wind waves is
a 1little more Aifficult than that for the upper limits. The lower
limits are governed by gF/y2 very small and H/L very steep as
supported by mmerous wave tank studies, Bretschneider and Rice
(1951) and Johnson and Rice (19€2). The theorstical maximum wave
steepness is given according %o Michell (1893)

H_ |

T 7 (B.22)

For the sea to have maximum steepness, all individual waves must
be at maximum steepress. Hence, a scatter diagram of H versus L will
show all data on a straight™line with a slope of 1/7. A plot of 7
versus A will have a slepe of U5 degress, corresponding to a
correlation ncefficient of v(y, A} = +1.0.

For the above condition ons finds

B_1 . T 3
Tt 7 L(Hyg) 7
r=4+10 L{Hys)® 1.6L (8.23)
[ ?_ ].J_F T(Hy,)= 1.265T
and from (8.9) one obtains
o = |5'ﬂ'a -
mux-T-S.Eﬁ {8-2«1-1}
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Since @ . relates the maximm ratio of F12/Fok, 1t is tempting
to extend th2 generation parameters, Figure 8.1, asymptotically at
some valus of gf/12 lower than that reported for wave tank data.
This would lsad to minimm values of F{ and F, guided by wave data.

Another method of obtaining the minimum values is to consider
the lowest possible period that might be generated and the lowest
possible wind speed or the critical wind speed required to make the
gea surface rough. Thils approach is samewhat superficial but leads
to essentially the same results as the other method. Assuming the
capillary 1imit Tpin = 0.07L seconds and Lgyn = 1.7 cm and the
eritical wind speed of & meters per second, and using (B.2L), the
extreme lower 1limits are obtained:

L
27U

g TtH 33.:' " g T1.-"3.
27U 2wl

=0.0193

=0.0244

o
E ™ 0.000357 (8.25)

gHaz
?—= 0.000572

- 0.0046

u

Eqs (8,25) may be considered the extreme lower limits, and in

actuality 5 must be greater than 0,0006 in order to develop a
L}
spectrum of waves for a wind speed of & meters per second. Furthermors,
for wind speeds greater than 6 meters per second the fetch F must be
greater thar. that required for 6 meters per second, since wave lengths
generated by higher winds will be longer. The spectrum of waves is
correspondirgly built up from all valuss of ..E.ETT_U and E;_{r generated
[0}

by fetches from greater than B = 0,00L6 to the ultimate % as
u

limited by wina speed, actual fetch length, and dwration of wind.
Hence, one ghould expect the spectra in unit form to be more narrow
with a higher peak for a young sea than a fully developed sea.
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6, Transition Zone

The transition zone for wave generation inecludes that between the
lower and upper limits discussed above. Much wave data are available
for sipnificant wave heights and significant wave periods. The mean
wave height is statistically related to the significant wave height.
The mean wave pericd is related to the significant period through the
ecorrelation cc}efficient r{n,A). The lower limit of gemeration
begins at r(7, ] = +1,0 where I1/3 = 1,265 T and the upper limit
is at r(n, M) = 0, vwhere T 1/3.=T» Evidently the cgrrelation
coefficient r(7m, .k} and {Tl/jj/' are functions of - and .?. Since

the ratio of {TJ_/_;}/T changes from 1.265 to 1,0 over a very wide

range of generation, it is logical to assume as a first approdmation

that this transition is pentle and repillar, The wave data establish

gquite accurately thes relationship for {gT]_ e The exact

relationship of gﬁ'jg-,ru versus in the t.ransgtmn iz not completely
I

sstablished due to the lack of sufficient wave data., However, a

limited amount of wave data from Fort Peck Reserweir and Lake Texdma

are available for this aspect of the problem., Thease data are summardzed
in Table 8.1, Fetch lengths for these data are not wgll sstablished,

due to irregular charnel effects, The parameter of is eliminated

]
by using ﬂ and g versus r(m,A), where r(n i) is related to {Tl/j)/-
e 2w
which in turn is assumed to be a slowly changing function of .EE.

Figure 8.3 shows the relationahips of gT/zwunglf;;Uzwu, 1 ﬂ*asfug
all as functions of r{%:A). The scatter of data seems excassive

but it should be remembered that 100 waves are too small a nuber to
expect a minimum of scatfer in terms of the correlation coefficient.
The 95 percent confidence limits for the correlation coefficiznts are
also shown.

Figure 8,1, ths Fetch Graph, represents the revised wave fore-
casting relationships, based on the above considerations, togsther
with additional relationships discussed below. The data shown is
that originally used by Bretschneider (1951),

T« Duration Graph

The preceding sections were devoted to wave generation as a
funetien of fetch length, assuming unlimited duration. The Duration
Graph, Figure 8.2, may be obtained by use of the Fetch Graph, Figure
8.1, and the considerations following.
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TABLE 8.1

SUMMARY COF DEEP WATER WIND WAVE DATA

Source L] ;ﬁjﬂ gH EU3=T{H33J g-lfl {3
and '%2 > r
Record mph foet u seconds Te
(FORT PECK RESERVOIR)
b- 1 20,7 1,32 0. 0460 2425 0.378 0.12
b= 2 19.7 114 0.0437 2,31 0,408 0,38
b~ 3 26.0 2.62 0,0560 2.67 0,358 0.2
b= I 26.7 2.82 0.0580 330 0430 D1
b= 5 30,8 1,02 0.0L80 3.18 0. 360 0.448
b- 6 31.6 2.51 0.0375 2,83 0.311 Ould
b= T 3042 2.72 0.0LL5 3,06 0e353 Dol
b~ 8 30.4 2,18 0.0350 2.50 0,286 0,29
b- % 30.8 1.79 0.0281 2,17 04245 0.19
b=10 29,8 1.75 0.0294 2435 0e27h 0,22
b=11 23.8 1,85 0.0L86 2.62 0,303 0,15
b=-12 26,6 2,91 0,0610 3,08 0,403 0e30
b-13 26.5 . 3.11 0.0660 2489 0,380 Deldidl
b=11; 25.3 2.61 0.0610 2.79 04384 0,02
b=15 2.2 2.40 0,0610 3.1h 0.450 D47
b-16 22,2 2,56 0.077% 2.78 0.L35 0.31
b=17 21.1 2.8l 0,0950 3,26 04538 0. L5
=18 22.6 2,54 0. 0740 2,86 0.LL0 O.L42
b-1% 23.9 3.05 0,0795 2.78 0,405 0.27
b=20 2746 3443 0,0679 3,09 0,369 L8
(LAKE TEXOMA, TEXAS)

c= 5 29 1.33 0.0236 2.30 0,276 0.3l
o= 6 26 113 0.0250 2.16 0,289 0,38
e= T 32 1.5L 0.022l 2,60 0,283 0.16
c- B 30 1,37 0.0227 2.53 0,294 0.08
e=-12 25 1,567 0,0L00 2.75 0.38) 0,30
c-13 25 1.67 0,0l,00 2.92 0.106 Ouhi3
e-1lL 25 1.67 0,000 2. 08 0,401 Ouli®
c=15 25 1.59 0.0378 2,91 0.50% 0.40
e-16 3l 1.3h 0,0173 2.3 0.2L0 0,16
e=17 35 13l 00163 2,60 04259 0.LO
G":LB 3% 2;15 0.0211 3.09 Q-E?{} 0"55
c-19 38 1.87 0.0193 3,11 0,285 0,56
c=20 29 1.06 0.0370 2,09 0,251 0432
a-21 30 1:27 0.0210 2.06 0.239 0.39
c-22 29 1.37 0.0212 2.39 0.287 De23
=23 28 1.33 0.0252 24113 Uu 303 0.39
c=25 32 1.50 0.0218 2.33 0.25L 0.37
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The dwration of time required for wave generation depends on
the fetch distance traveled and the group velceity appropriate to
the most energetic waves. The general form of F = Cpt (fetch distance
iz equal to_croup velocity times time) can be applias in differertial
form dt = r;:idF’ whers ﬂg, the group velocity is a variable and
increases w:thh time and distance. In parametric form the expression
becomes

ot f“ u_ (sF B.26
where
Cq =|__[ qTﬂP]' |[°Tv=] Top (6.27)
U 2 |2wul Z|ewu T,
3

Tﬂprlﬂ is a funetion of r(n, A} and hence of -Eg, from which
one obtaing tU/F as a funoction of LE.  The curve of tU/F versus

U 2

gF{UE is shown in Figure B.le Ths curves of ﬂl and EH,}E as

2ml 2

u
Tunetions of -E% can be expressed as functions of gt/U. This is
u

shown in Figure 8,2, together with the wave data taken from
Bretschneider (1951).

f, Wave Generation Farameters

Table .2 gives a summary of wave generation parameters. In
addition to thoge discussed above, other parameters are discussed
balow.

Mean Wave Steepness: 1he msan wave stespness can be represented
as a function of E, and in standard form

e
[H]. rH 2
[~ 32{-(-3) EEs
is given as a function of in Figure 8.1 from which can be
computed [ :0 ] using r from Table 8,2,
L
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TABLE 8.2

JUMMARY OF DEEF WATER WAVE GENERATION FARAMETERS

£ gl BTy T /3

0,01 0.63 63.0  0,000574% 0.0247 0.998 11,2645

0.02 1.1, 57.0 0.000611 0,0258 0,995 1.2637

0.0k 2,06 Gl.5  0,000738 0.0288 0.992 1.2629

0,06 2,92 L8, 0,000867 0.0316 0,985 1.2613

0410 L 45.0  0,00005  0,0353 0.979 1.2598

0,20 8,00 Lo.2 0.00143 0,0425 0,965 1.2566

0.L0 1.1 35.5 0.00195 0,0521 0.4 1.2526

0.6C 20,3 33.9  0.00235 0.0591 0,936 1.2497

0.8¢C 25,9  32.1  0.00269 0,066 0,927 1.2u7h

1.0C 31,0 31,0  0,00301  0.0695 0.916  1.,2450

2.0C che®  27.0 0.00430  0,0869 0.878 1.2357

ls40C 94,0 23,5 0.00610 0,108 0.827 1.2231

6.00 129 21,5 0,007h3 0,24 0,790 1.21l

B.00 160 20,0 0,00855 0,137 0.762 1.2071

10,0 192 19,2  0.00951  0.1L7  0.740 1.2017

20.0 306 15.3  0,012¢ 0,179 0.671  1,184%

LG.0 158 12,2  0,0175 0,215  0.590 1,1636

60,0 654 10,9  0,0208 0.2L0  0.5L46  1.152L

80.0 792 9.90 0,0232 0.261 0,513  1.14L37

100 920 9.20 0,0255 0.27%  0.406 11,1367

200 1,520 7.60 0,0337 0,337  0.LOO  1,1355

oo 2,440 6,10 0,04l 0.403 0.322 1,0918

600 3,300 £.50 0,08522 Q.153 0.27% 1.079L

800 L, 086 5.07 0,0583 0,86 0,243 1.070%

1,000 L1, 800 .80  0,06l1 0.519 0,220 1.06L0

2,000 8,000 L.00 0,081 0.618 0,160  1.0469

L,000 13,800 3.45  0,1210 0.735 0,102 11,0301

6,000 18,960 3,16 0.130 0.816  0.079 11,0232

8,000 23,760 2.97 0.1h5 0.872  0.062 11,0183

10,000 28,100 2,81 0,157 0,92k  0.052 1.,0154

20,000 48,200 2.1 0,195 i.,10 0,027 1.0080

10,000 82,000 2.05 0,234 1,28 0,010 1.0030

60,000 112,800 1,88 0.253 1,39 0.006 11,0018

80,000 140,000 1,75 0.264 1.49 0,002 1.0006
100,000 168,000 1,68  0.270 1,54 0.001 1.0
150,000 228,000 1,52  0.277 1.67 0 1.0
200,000 286,000 1.h3  0.279 1.7h 0 1,0
300,000 393,000 1,31 0.281 1.84 0 1.0
100,000 196,000 l.2ly 0,282 1.90 0 1,0
500,000 595,000 1.19 0,282 1.93 0 1.0
600,000 702,000 1.17 0,282 1.95 0 1.0
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(Continued)

TABLE 8.2

SUMMARY OF DEEP WATER WAVE GENERATION PARAMETERS

= i
% H a o % ¢ 173

1] T @ (TIGJE
0,01  0.139 0.1397 3,07 0.0958 O.LEL 0.767

0,02 0,1355 0.1361 2,90 0.0910 0.L6s5 0,748

0.0 0.1309 0.1316 2.71 0.,0856 O0.L66 0,725

0,06 0,1270 0.1282 2,55 0.0813 0.L67 0,708

0.08 0,1257 0.,1272 2,50 0.0800 0,468 0,699

0,10 00,1235 D.1251 2.11 0.0775  Ouli7h  0.687

0.20 0,1155 0.1179 2.11 0.0691  0.479 0.645

L0 01040  0.,1071 1.71 0,0575 0.L87 0.56%

0.60  0,0969 0.1005 1,48 0,0510 0.L9L 0,548

0.80 0.092% 0.0965 1,35 0.0471 0,497 0.525

1.00  0.0885 0.0928 1.2i 0,0uL0  0.510 0,508

2,00 0,0803 0,0860 1,02 0.0389  0.847 ©.LEL

Le00 0.0722  ©,079L 0.82L 0.,03L3 0.572 0©.Leb

6.00 0,0659 0,073%9 0,686 0.0325 0,596 0,393

8.00 0,0618 0.0703  0.603 0,0311 0,616 0.371

10,0 0.0590 0.0678 0,550 0,0303 0.632 0,359

20.0 0.0522 0.0621 0,131 0.0290  0.677 0.328

L0.0 0.0LT2 0.,0583 0,352 0.0285 0,713 0,309

60,0 0.0kl  0.0859 0,311 0.0276  0.736 0,29,

80,0 Ga0L12 0.0527 0.268 0.0274 0,750 0.278

100 (.0392 0.,0507 0.2L3 0.0272 0.766  0.267

200 0.0352 0.0L69 0,196 0.0265 0,792 0.2L2

LOO 0.0300  0.0416 0,142 0.0256 0,819 0.221

600 0.0273 0.0386 0,118 0.0253 0.832 0,208

800 0,0261 00,0374 0,108 0.02L4e 0.BL0 0.201
2,000 0.0223  0.0330 0.0786 0,0243 0.863 0,179
L, 000 0.,0201  0.029L 0,063 0.0233 0,875 0,167
6,000 0,0189  0.0289 0,0564 0.0223 0.882 0.159
8,000 0,0183 0.0281 0.0529 0.0213 0.885 0,155
10,000 0.0175 0.0270 0O.,0L84 o©O.0204 0,888 0.15%
20,000 0.0151 0.0235 0.0360 0.0178 0,89 0.131
140,000 0.0133  0.0208 0.0279 0.01L1 o©.901 0,116
£0,000 0.0121 C.0190 0.0231 0.0120 0,902 0,107
80,000 0,0110 0.,0173 00,0191 0,0102 0,903 0.0969
100,000 0,0105  0,0165 0,017h 0.0093 0,904 0,0928
150,000 0,00916 0,01L3 0.0133 0.0073 0.905 ©0,0809
200,000 0,00850 0,013L 0,001 0.,0063 0.906 0,075
300,500 0.00766 0,0119 0,0093 0,0051 0.907 0.0676
100,000 0,00721 0,0113 0.0082 ©,0046 0,908 0.0637
500,000 0.,00699 0.0110 0,0077 0.,0043 0.909 0.0617
600,000 0.00685 0.0107 0,007h 0.00L2 0,910 0,060k
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Mean Sguare S5=a Surface Slope: The meap square sea surface
slope for wave generation as a funciion of » can be obtained from

(7.54) and (7.56), Chapter VII, by noting that one may write
Tmin ® Trnir! / T aos

_DTmin

- 2 wu

min= ——g—— (8.29)

ewu
whence the mean sguare wave steepness is given by:

2 2 T .
FH Y B {ru-r] + L +l,|—r'lz'l3m§wu In Egj‘ﬂ“ -G.Dﬁ?l]} (t.30)

140,273 2

The mean square sea surface slope is given by

. a 7 z
2 ] (8.31)
where
ol 2
|:|.=|E'TZ{L_.] [5-32}

Spsctral Width Parameter: The spectral width parameter is
given by

2
s 2
— t_
o\ f- =2, ==+ 58
e |+0.273 r2

; gl ETnin zF
Sinc2 T o THRe and r are functions of = it can be ssen

that (B,30) through (8.33) are also functions of i%, which is as

should be expecied. The exact values of [ 9 " o2, a, and € depend

; A _
on the proper selection of BImin iich muAt be obtained fram
measursment s. 2w
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= 0.0193, as glven by

If it is assumed for the present that ggg‘“
(8.25), ene obtains

B 4 .2 2 gT
[ ] Trozmae | i T | 3883 Ingr (843L)
In all probsbility E‘Tm;ﬂ will be scmewhat greater than 0.0193,

Elmin .

particularly for large values of ‘EE. Until 5= is determined

as a function of 'é‘g, the use of (€.3h) will result perhaps in values

oppe gl
of [ "')‘] somewhat higher than the trus valuess For sxample, if one

s
selacted 3 o+ = 3(0,0193), the factor 3.08 in the above equation

will be replaced by 3.68 -~ 1n 3 = 2,78,

Using (B8.34) in its present form values of a, :rz, and e have
been computed as a function of EE:.. y and are summarized in Table 8.2

a and 0% are alsc shown in FiF:ure Gl

%, Instrment Atteruation

211 wave-measuring instruments, with the exception of a vertiecal
capacitance (or resistance) wire type, impose an attenuation ctrve on
the high frequency part of the spectrum, thus artificially narrowing
the speetrum, which, in effect, reduces the values of ¢ and o2 from
the theoretical yalusg piven zbove. TFor this reason it is difficult
to detemine whether ngin is at some low limit as governed by theory

Teml
or whather ggmw%n lias a finite low limit as imposed by nature.

It iz a well-lmown Tact that a pressure gage below the mean
surface will attenuate low period waves, othorwise visnally obssrved,
fondiser, for example (8.3L) for zero correlation in the following
form:

[.”TT] = 4[--‘.},DG?Iv1n 'rmin:’ (8.35)

Trin

Wwhare Twmin =

T
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For a pressure recorder located 10 feet below the mean watrar ace,
assume all waves of d/Lo = 0.5 are filtered out. Since L, = gI°,
one obtains Tpip = 2 seconds. (If all waves of d/Lg = 1, ew
Tmin = 1.l seconds.) For d/Ly 5 0.5 and d = 10 feet, (8.35) becomes

n1° %
_}‘_]n;a [-0.76+InT] (8.36)

—_—

'fhe subscript ¢b is used for observed valwe, If, on the other hand,
Tmin = 0-074 seconds as governed by the cam.llar:; limit, then

T

]2 = 4[2.53+In T] (8.37)
tr

The subscript tr is used for true value.

2
The ratio R of observed to true [ K } bacomas
X

. —0.76+InT
2.53+In i {Bijﬁ}

Valuss for R for various mean period T are given balow:

T L & 8 10 12 14 14
A Uad6  Gu239  0.286 0,320 034k 0,362 0.379

Sincs o B is given by (8.31), this will also be reduced
correspendingly, The speciral uldth peramster ziven by (E.33) is
similarly affseted. Instrment atieruation also effects the mean
wave stespness E?J but to a leszer extent.

Fquation foro® ziven in the psper by Bretschmaider (1957)°
is in errcr by ths factor urf 1/8, arn? the corresponding values
computed are too larre by a factor of 8, The correct form of o*
and € are presented in the present paper.

10. Comments on Critieal Wind Speed

It geems appropriate $o make 2 few comments on eritical wind
speed. The sxtreme lower 1iwit for gravity wave generation presented
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sarlier is based on the assumpiion of a eritical wind speed arfi the
capillary wave limit, and results in the mean square sea surface
slope as a function of the fetch parameter gF/y2. If, on the other
hand, only the ecapillary wave limit had been selected for the lower
1imit of generation, the mean square sea surface slops would be a
function not only of the fetch paramster but also of the mean wave
period, a dimensional quantity. In this case one would obtain a
separate curve of ¢2 versus gI/yZ for sach mean wave period, However
one might also have obtainedo? as a function only of gF/p2 by
selecting arbitrarily some low limit of gF/2 without reference to
eritical wind speed and capillary wave limit, in vhich case no
iHseussion would be necessary.

Murk (1947) presented a paper on eritical wind speed for air -
sea boundary processes; but since has voiced opinion that such might
ngt be the case after all. Reference is made to the work o Cox and
Munk (1956), Later, Munk (1957) appears to be dubious as to whether
a critical wind speed exists, citing the work of Mandelbawm (1956)
and Lawford and Veley (1956). ZEvidently a controversy exists as to
whethey or not a critical wind speed actually exists. However, such
a controversy need not affect the results presented herein, since
what is to have kept one from seleeting arbitrarily an extreme low
Timit of ¢F/y2 by extrapolating g/y2 and gT/2m to maximum steepness
B/L = 1/7, murided only by the data in the rangs of low gFfU?f?
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CHAPTER IX: COMPARISON OF VARTOUS FROPOSED WAVE SPECTRA
1. deneral

It is of interest to make comparisons of the various proposed
wave spectra. These are Darbyshire (1952), Darbyshire (1%55),
Neumarm (1955}, and that of the presemt study. Recently Neumann
and Fierson (1957) made a detailed comparison of the above various
theoretical wave spectra, not including that of the present author,
the material of which had not yet been ecirculated. The work of
Neumann and Piersen (1957) will not be repeated hers, except that
as pertinent to the present discussion. The Roll and Fisher (1956)
modification of the Neumann spectrum and the Darbyshire spectrum
were compared with the Neumann spectrum. This canparlison,mde with
data by Newmann and Pierson (1957), showed that the Neumarn spectrum
fitted the data satisfactorily, whereas the other spectra were
unsatisfactory. It is showm that the appropriate spectrum from the
family of spectra proposed in the present paper fits the szbove data
aqually well if not bettar,

In the digseussion following, the four wave spectra are denoted
by D, D2, U, and B, corresponding respectively to Darbyshire (1§52),
Darbyshire (1955), Neumann (1955), and Eretschneider (present paper).

The T3 and D2 spectra were presented origimally in terms of the
gradient wind speed. The surface wind speed, uswally considered at
normal anemametar level (10 meters above mean sea level in case of
the oceans), is egual to about two-thirds of the gradient wind speed,
but may be quite different under various conditions of atmospherie
gtability or sea-air temperature differences. So that all spectra
utilize the same wind dlovation, the gradient wind speed in the Iq
and Dy spectra are replaced by 3/2 of the surface wind speed. The
symbols 8y2 (T) and 8y2 (w ) are retained respectively for the
period spectrum and the frequency spectrum, although Hp2 and H 2
have been nsed by others. The comparison is limited to the fully
arisen or near fully arisen sea, so that the B spectrum for zero
correlation need only be discussad,

2. The Various Proposed Specira

Where the surface wind speed is used and the wnits of Sy2 (T)
are FP2/sec the four period spectra are:
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f2ml
=0 T>5 __q_
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-2 27
Nl 5.2(Th=cyg?T e L2TU

i

2y —o.675 =]
B Sy2im=—2_Te 27UF,
(2}

whers the constants are given by
01 = 1.87 x 107! sec
Co = 5.7 x 10°8 gec=3
b = 0.2 sec'lf 2

C3 = 2.0x .!.0"5 sec™L

a = 3,37 F]_E_;"th dimensionless

P = - £ gF , -EE) dimensionless
ﬁg . (U'? U

Fy = %—z £, (EE » ﬁ) dimensionlass
12 T

With the proper transformation, the corresponding frequency
gpectra are given by:
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uwg(z_;_if

9
{N) SHzif.u} = Cyi2 7)® ew Se E[Uw]

- |
9
(B) Syelw)= ugzw—se 0'5?5[UMF2]

3. Evolvement of Proposed Spectra

Dy - Darbyshire (1952):. The I spectrum evolved from frequency-
analysis of wave records obiained from sub~surface pressure type wave
records, This invastication was based on records of waves made on
the north coast of Cornwall, in the Irish Sea, and in Lough Neagh.
Synoptic meteorclogical charts were used to obtain fetch lonzths, and
gradient winds. The wave pressurs transducer was on the sea bed at a
depth of about 50 fest, The wswsl hydrodymamic relationships
(presented earlier) were used to comvert bottom presswe to surface
elevation, prior to the freguency analysis. For wave perioda less
than about & seconds the bottom pressure fluctuations, reduced to
such & low level that the process was no longer practicable, wers
igznored by Darbyshire. Hence, the high freguency -components are
misaing, Water depths on the order of the mean wave lengths
encompassed much of the fetch length, ZEecause of wave energy loss
dus to boettom frietion and refraction due to currents, the low
frequency components are somewhat attenuated,
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Dy - Darbyshire (1955): The Ds spectrum evolved by frequency-
analyzing wave reccrds obtained from a sghip-borne wave recorder in
the North Atlantic, There i3 some doubt as to the exact calibration
of this instrument, but it is known to behave similar to a sub-
surface pressure recorder, and the high f{requency components are
attenuated. Although frequency anzlysis of wave records should give
the best estimate of the wave speetrum, there is no way of taking
into account the energy of those components filtered ocut or not
recorded by a pressure recorder,

N - Neumann (1955): The N spectrum evolved in a different
manner than either the Ip or Ds spectra. Un the basis of visual
cbservations from assumed fully developed seas, Neumann (1955)
obtainnd an empirieal snvelope curve for the data plotted in temms
of H/p2 versus (T/U)2, which is given by

(4T
H={eonst] TZe (27”-’) (3.3)

where T wag definsd as an apparent wave period and is given the
symbol T. The enveloped curve was not detérmined statistically,
but was constructed visually. There iz some question as to shether
or not the symbol should be T or T, since visual observations with
a stop wetch are difficult {0 make,.

Since the energy is proportional to wave heipght squared,
Wewmann in effect assumed the period spectrmm of HZ 4o be propor-
tional to the square of (%.3). BSuch a procedure could only be used
if (9.3) was the eguation obtained by a least squares technique.
The constant in the N spesetrum (9.1) or (9.2) was obtained by
squaring (9.3) agd forcing the area urder tha resulting curve to be
equal to 4/ w (H)<, the so-called energy coefficient cbtained by
Lonpuet-Hizgins (1952). Hence the arsa under the N spectrm must
be correct, providsd that of Longuet-Higegins (1952) is correct, and
this seems to be true, Whether the shape, peak, and width are
correct nesds o be investigated by use of r wave data.
Althongh the first operation, squaring (9.3), may not nscessarily
be based on correct assumptions, the evaluation of the constant in
the above manner tends toward campensation because there are a
maltitude of such exponential equations which might represent
approximately the true wave s}amct.rum, provided the area beneath
the curve is equal to b/ (H)2,

One éifficulty with the method assumed by Neumarm (1952) is
that the constant evolwved takes on the dimension of seconds™,
resulting in wave height propertional to the 5/2 power of the wind
speed for a fully developed sea. The above cannot be reconciled,
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either with data or by dimensional homagem%y ard is sort of 2
paradox since a congtart of secends—t and U fﬁ go together just
as a dimensionless constant and U2 go together. A& very important
factor, however elementary it may be, is that the period spectrum
of H2 cannot be cbtainod by squaring the enveloped curve of data
in terms of H, since this has the same mathematical implication as
squaring the squation of a distribution function. The wave period
digtribution function, itself, is not to ve sguared, but the
individual height components are squared and then summed accoriing
to the height distribution functlon. This fact was brought to
light in the development of the family of spectra in the present
paper.

B - Bretschneider (present paper): As stated before, the family
of B spectra evolved directly from the joint distribution funciion,
and was derived theorstically withoul any necessary forekmowledge of
the distribution functions, except that linear regression between H
and T2 vas required, Based on the statistical analysis of wave data,
it was found that the Rayleigh dlstributmn applied to wave hezght
variability and also wave length (7€) variability. Thus the family
of B spectra was determined theoretically, by squaring all componsnts
of H and summing according to the distribution function. Hecause
the B spectra evolved in this mamner, all hizh frequency components
ares present in the theoretical spectra.

The fact that high frequency components might have been attenuated
or even filtered out by use of pressure records used in the statistical
analysis has no effect on the derdvation of the family of wave spectra,
once the distribution functions were decided upon.

Whereas the area under the N spectrum was forced to be equal to
W/ 7 (H)2, the area of li/# (H)? under the ¥ spectra evolved as a
physic&l property. Unly the B spectrm for zero correlation is used
in the material fo]lm#ing,_.

. Fhysical Froperties of Period Specira

Energy. The area under the specira is egqual to EE, the mean

square wave heipght, and when multiplied by 1/8 pg gives the total
eneryy In the spectra whence

E'-"'jﬁpqﬁi {5’-&)

whare

— w 0
2=J; SHElT:dT =—.fa SHElﬂﬂdW (9.5)
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thus

=l
R

X
=o.0093%
4

=o,90325%é

(By)

(D2)
N}
B

Y

(9.6)

INA

U’ﬁ

=0.00594 U
4 4
i

T

When U is in f£t/sec f}i .16 fi/sec? and e is in ftg when U
is in cm/sec, g = 9ED cm/sec?, and 72 is in em?, For D1 ang D2
spectra g2 = 1.l {H} and for N and B spectra g2 = 4/7m (H

For all f‘om spectra Hyy = 1.6 H. Thus

0, _EETH ﬁ13|G%jﬁ

9""'33

=0.12|

(D)
(9.7)

i
gHzq i 2
(M} 02 =G.E1E(q)
H33

B
B) 2

=1.6 F,

For Dy the nonstan*i 0,131 has the dimension of se.-{:% and for N
the constant 0.216 sec™2., Far a fully developed sea Fy = 0.177.
Table F.1 gives typical values of Hyg versus U for a fully developed
3ea based on (9.7).
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TABLE 9.1

H33 VERSUS U
FOR FULLY DEVELOPED SEA
Spectrum In Do N B
U (kmots) Signiricant Height, fest
10 1.6 1.1 1.b 2.5
15 2-9 Eih 3!9 5-?
20 a5 14,2 T49 10,0
25 6e3 6.6 13.8 1547
30 8.3 9.5 21.8 22,6
35 10.5 12.9 32.0 30.8
Lo 12.8 16.8 L7 40,2
LS 15.3 21.3 60.0 50,1
50 17.9 2643 78.1 62.8
55 20,6 3.8 99.2 75.9
60 23.5 37.8 123.3 0.4

Wave heights for DI are considerably lower than those far Do,
N, and B, because the D] spectrum is based on waves which wers
influenced considerably by shallow water, possibly bottom friction
and currents. Wave heights for D2 ars lowsr than those for B by a
constant ratio of 2.3l, which would indicate that Do is based on
waves not of a fully developed sea. Whereas F; = 0.177 for the B
spectIE? the corrssponding value for D2 would be F3 = 0.177/2,34
= Oaﬂ? "

Wave heights for the N spectrum are gquite comparable to those
for the B spectrum for winds between 25 and LO knots. At L5 lmots
and above and 20 kmots and below the departures become quite
noticeable,

Mean Wave Period: If zera correlation exists between H and T,
it can be shown that the peried spectrum has propertiss of the
corresponding period distribution function, where the zeroc moment
about the origin is used as the normalizing function. It may be
agsumed that these wave periods correspond to those based on the
erest to trough method of analysis., It was shown earlier that
zero correlation guite likely exists between H and T for a fully
developed sea, From the above discussion one may obtain the mea
wave period.

0
Jf TS, 2(T)
T= 0

o8]
f S2(M dt
(¢

152

(9.8)



If zero correlation exists T is also the significant period,
but if zero correlation does not exist, say for a young sea, then
(9.8) resulss in T' instead of T, but this will not affect the
comparisons following.™ Using (9.8) one cbiains for the various
spectra:

P2) Zxu =3 (770
(9.9)
qT 32 _
W zFy T Vo 71064

9
B o= F,

Optimum Period and Macimum Energy: The optimum peried T
correspond:ng to maximm energy of the period spectrm is obtained
From

dISHz{T}!
=0 {9,1@)

iT

[
(Dz] e U :3'5?[211’!.1']
op _
My OO
g’T
18) <74 = 1.027F,

#Ais shown later the apparent wave period T is related to the mean
erest to trough period T.
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and

()

(D2)

(N}

(8)

For a fully developed sea Fy = 0,177 and Fp
valuss of [5g2 (T) Jmax are given in Table %.2; for the B spectrmm
values are alsc given for Fy = 0,106 and Fp = 1.0, a mederately

-3 Uq'
SHleil =4.34 % 10 =

[
[sHam]mm <5.3x m"'l:;;
|
[

max aq
F1E U3
5 21Tq =0.279
H maox Fs 0
To
“l_—p- = 0 .93
o -107I5
=
Tﬂ
22 -0.94
=
3
2P =y.027
E

generated sea.
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TABLE 9,2
TYPICAL VALUES OF [S32 (T)] pax, FT%/sec

Spectrum B 5
et P2 . F1=0,177 F1=0.106
v Fye1.95
Enots B E‘l'g
10 .91 0.09 0.0l 0.1k 0.098
15 2,09 .38 0,21 0.L7 0.33
20 3.72 1,03 0.67 Yl 0.775
25 5,81 2.25 1,64 217 1.52
30 6.37 l1.26 3.0 3.75 2.62
35 11.39 T30 6.30 5. 96 k.16
Lo 1188 11.61 10,78 8.90 6.22
L5 18,83 17.61 17.22 12.67 8.85
50 23,25 25,15 26,25 17.38 12.10
55 28,13 35.504 30,h3 23,13 16,15
60 33,48 18,18 clihi3 30,02 21,0
Hirher Momemts: The nth moment of T about the origin is given
by

| © n
Mn=-:._—z_j; T sttT}dT

It ezn be shown for wnit form ( r = T/f) that

155

(9.14)



From {9.1l) one obtainas ths standard deviation, skewness
coefficient and kurtosis, respectively.

= r3=37%42

(e)°

(9415)

T —473+ 672 +2
ﬂ4 w

] (e)*

Table 9.3 sumarizes results from the above equations.

Farameter

In D2 N B
2 1.00252 1.08001 1,0647  1.07818
3 1.012113 1.1454L9 1.32536 1.234196
b 1,02L739 1,2886L0 1.70778 1.48156k
a -2.321 -0.405 +0.35L3 -D,088
ah: 100 2.7ho 2.779 2.755

5. Elimination of Wind Speed from Perlod Spectra

The comparison of wave spectra in terms of wind speed is
not too satisfactory a method, since this comperison depends on
relations between wave heipht, wave period and wind speed. In
particular, the wind speed comparison is unfair for the D) and Do
spectra which are based on gradient wind speed reduced to surface
wind speed by Ug = 1.5U, The surface wind speed can be eliminated

from the various spectra, thereby bringing comparisons to a common
level. This is done by use of (9.6) and (9.9), whence
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= 12 -5||L -
(D) S,2(M=8.05 HE{—-;F,; 5"-? G-BI]

o 5 B
{D,) Syz(TI=14.74 H® L= [1_ ; ]“575*-”

(71®
, (9.16)
64 /T
64\ HEZT4 - ‘—(=}
2T === 9mAT
M) S =(3) e
Y
e T3 el
18} §2M=2.7 W [_% e G'E?E(T)
It is intaresting to note that the dimensionsl constants in
the D1, Dz, and N spectra vanish. All spsctra are in terms of two
measurable quantities H and T, and the comparisons are on the same
leval, If' zero correlation exists the pericd distribution function
is related to the period spectrum accarding to
pITIE—kS 2 (T) 9.1
FEoH {9.17)
or in it form
S
SnErizmZpimy 92 ’E}E (9.18)
Since the area under tae of p{T) is unity, the area under
the curve of Snzfr )_%s’r; » For In and Ik spectra ;}"2' = 1.1); and
for N and B spectra m< = li/r . Thus
~s[+-0.91]°
(0) Spelri=ll6 e L
2
(02) STI,EI.T}=21.2 T l-l—%-l] O<T< 1.5
(9.13)

(N 57?2“;:_% (%)3 4 —(95—_;_1) T2

—0.675 14
(B} 5'1?2(1'1" 34377 e
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=5i[r—0 92]2
0) pir)=B.07r2e '

2
(D) p[r}=l4.?4‘r5[l- s ] 0<rsl5

s (9.20)
(N pitl= (%%) T4e OW

= s
B pleyws il 00787

Table Fuli gives values of 5, 2( 7 ) versuws T for various spectra.
The standard form of the period spectrum is related to normal form
by

(°
g (T2 ~— &
H )

T

H 1
gltlz— =—5_2Ii1)
ne ) 7" (9.21)

Data from Table 9.l are plotted in Figure 9.1 for the Dp, N,
and B gpectra; the Dy spectrum is greatly peaked and out of range
of the other three specira, and is not shown in Figwre %,1. It is
of imterest to note the degree of closeness between the N and B
spectra. Both have the same area, li/s , but the B spectrum iz more
peaked and more nearly the shape of normal distribution. These two
curves cross in three places, at about T = 0,28, 0.86, and 1.43.
Although from Table 9.3 %) , the kurtosis, is sligh‘tl:r greaster
for the N spectrum than for f.ha B spectrum, the B spectrum actmally
has greater peakedness. Hence the word Ypeakedness" instead of @ n
could be misleading. The Do spectrum has the lowest valus of @) ',
but its peakedness is greater than pither the N or B spectra, but
some of this is due to greater area under the Do spectrum than under
N or B.
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TABLE 9.1
sﬂztr ) VERSUS T

Tw Tf'f In Do N B
0ul 0,0002 0,001 0.003
0.2 0.020 0,024 0,050
03 0.033 0,098 0,092
Ouly 0.167 0.263 0,216
0.5 0,001 0.295 0.525 D.h12
0,6 0,027 0594 0.849 0,680
D7 0.73% 1,016 1.172 1,003
048 h.o1 1,515 142k 1,335
0.9 94349 2,003 1,553 1,609
1.0 T+675 2,366 1.542 1,750
i | 2.226 2,430 1,106 1,690
32 0.229 2,110 1,188 1.h65
1:3 0.008 1417 0.928 1,099
1.L 0.513 0.681 0.707
1.5 0.L6k 0,383
1.6 04300 0,169
147 0,185 0,061
1,8 0,108 0.017
1.9 0,054 0,00k
2,0 0.028
rﬂ'p —}0931 1&0?15 G-gh 1402?

[32(7)] max 28 2. 1.589 1.75h

6, FPhysical Properties of the Frequency Spectra

Optimum Frequency and Maximum Engx%; The optimum frequency
Wy corresponding to maximum energy of the frequency spectra is
ob ed from:

d!S 2 {wl]
H =0
dw

(9.22)
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g
(2)) =1.15
U”"up
z
g _ g
0,) U, -3'EB{EWU)
p
{9.23)
d ' -
(M) = = |, 225
u-‘”up é
g _ Y5 .
and
U4
3] 5.2 w). . =007]—
{ l} H X qz
yts
D 5 2lw). =0.147
{Pal H2 V9 gy g
(9.2h)

uﬁ

212 F% Fa U7
ga

B 52 lwlpgy =

The units of [Sy2(w)] ... are in £t2 sec. Table 9.5 gives
typical values of [Sy2(w ) for various wird speede for a fully
developed sea. For the B sp'g‘ﬁm F2 = 1,95 remreserts a fully
developed sea, and Fg = 1.0 a moderately developed sess
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TABLE 9,5

TYFICAL VALUES [Sp2(w )] pax FI2 sec

Spectrum B .
Knicts Fo=1,95 Fa=1,0

10 £.6 8435 0.72 Sely 1.0

15 28,5 5147 8.2 I Teb
20 89.5 188 L6.5 173 32
25 218 518 177 530 98
30 153 1,170 530 1,540 28y
5 8L 2,340 1,315 2,830 525
0 1,L35 li,300 2,880 g,L00 1,000
ks 2,300 7,200 5,860 9,800 1,815
50 2,500 11,700 11,000 16,750 3,100
55 5,050 18,000 18,000 27,000 5,000
60 7,250 26,700 33,300 13,600 7,750

Expected Number of Zeros: Each time the surface elevation passes
t rh still water level a zero crossing is made., It was shown by
Rice (15L5) that for a randem process, the expected mumber of zeros

is giver by

1
£
[t e
WS olwldw
0 H
EXPIO}= 2 (9.25)

0
f(; SHz {wldw

Fram this relstionship Pierson (195L), and alsc Newmann (1955),
define sn apparent mean wave period T, which is different than T
obtained by use of (9.8), acecording to

i

rl—

@,
j; 3 Sy (T

—Nn

(9.26)

O
f SHleidT
| o

16l



I% can be seen that the so-called mean apparent wawve period
is nething more than

?=[Pr___ﬂ 4 H__]—' (9.27)

Applying (9.26) to the various spectra one obtains

| —

|:D|:| "Eq;D'=i.22
T.-i_'.-
2mu

(O mo = EKSE[EJ J ]
E (9.28)
-2-—- = —l— =
N 5 zﬁ 0,866
¥
B Sop0.83F
The ratio of the apparent mean period to the mean wave period
hecomes
El?
{Dll ?’ = LGE
(0,) -';—- =0.894
. (9.29)
M ==0,82
G
?
B} -T-=0.BE
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It is seen that there will be more apparent wave periods ¥

defined by the zero-up crossing method than there are perdiods
defined by the ersst to trough method.
than T since the crest to trough method neglects the small reversals

Une should expect more

K

in surface sl.ope that cross the zero lire. If all these bumps were
congidered in the analysis of waves the distributions of both H and

T mipght conceivably be different,

Furthermore, there would be more

T than T, since there are also bumps in the troughs and on the crests
of the larger waves, which would not cross through zero elevation,

(See Figure 2.6, Chapter II,)
The wave period corresvonding to w

_ﬂi(.‘ﬂEL._ g
v U Utop

The ratios of T( wgp) to T and T are given below

T (Wop)

D) — —=0.96

{Ds) ——__r——* 1,16

{N:' —_—= 5

Spectrdl Width Parameter:

given by

[
Ex fl— HE

I .5.94

l{c_uu.p_}_t|3ﬂ

T (wyp)

_ﬂ—: I.4
?

T (w

_L%*E]_ﬂ,;;

The spectral width parameter,e¢ , is
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where the n* moment Mp of Sg2(w ) sbout the origin is cbtained

from

(&)

1Dzl

(L]

8

a
=z f w" Sy2iw) du
8]

ex (0,334
€= [ 665
€=, BIS
T
€= = 4_,
InT
Tmm —0.071

¢ for the B spectrum for values of T/Ty, are given below

!}’Tm_']_n 215 3-‘3 3-5 L’..D h.5 S-G 6-':’ 10,0 20,0 ﬁ‘D:O‘ 100.0

€

0.29 0,49 0,58 0.6L 0.67 0.70 C.7h 0,81 0.85 0,89 0.51

For T/Tpin = 10 the spectral width parameter for N and B

spectra are camparsble which could be interpreted, for example, the
N spectrum does not include wave periods less than 1.0 second for a
wave record having a mean period of 10 seconds. Similarly the Do
spectrum omits T < 2.3 seconds and I omits T < L.0 seconds for a
record having a mean period of 10 secords.

High Frequency Helaticnships:

reduce to

(Oy)
(Oz)
{N)

)

sy2tw=c 2m)’ g2 w™*

-7 2wy

&
Sy lwi=Cyl2m ) g% w7 S

52 (w) =C3I.E-rr15 g% we

SHE{W}‘GGZ w8
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According to the work of Burling (1955) and also Phillips (1957)P
the frequency spectrum for high frequency (large w ) should reduce
according to the B spectrmm. It was shown earlier for plus one
correlation (infant stage of generation) that S32(w) for high
frequancy reducsd proportional to w=?, Evidently there is a transi-
tion fromw=% to w=5, The Dy spectrum can ba Interpreted as one of
young ses. This view is ‘gupported by the comparative results in Tablse
9s1s The N spectrum (w™?) is perhaps close to S%at for a fully
developed sea. It is diffienlt to account for w™ in the Dy spectrum,
except that 11 is based on waves which were influenced considersbly by
shallow water and currents.

Mean Fraquency: The mean frequency @ may be defined when zero
correlation axists, and is cbtained from

0
w (wldw
= J:II SHZ (9.36)
[ =
S,,2 (whda
o A
Thus
D) —5-=0.904
[

Ua _ 1o [2ru 1%
©) g 35 [ g ]
& s S 25=1064

US_ _ Ll
& g Fp
and
B ZI =107
©,) ‘;: =0.95

i
©) =3
(D) 5%;;—=IJH
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7. Elimination of Wind Speed from Frequency Specira

Further comparisons can be made by eliminating the wind spsed
from the various frequency spectra, and might be made by use of (9.6)
and (9.9) as before, or perhaps make uss of (9,27} or (9.37) instead
of (9+9)s It matters little which is used since the compsrisocas are
relative to certain parametersy and it appears that use of (9,37) is
satisfactory. Using (9.6) and (9.37) one obtains for the various
frequency spectra

- 2
— @) —42.6|2 —
By Spelw=6.38 ¥ Zhe 42‘5[:» 0‘955]

— @f 2
)  5,2{w)=20.8 K’ %[I—G.?%]
—n i {?-39}
2 s _87 (w
W sewe2(3zf EEE o (F)

W

— gt AT W
B sel=A w2, /T &)

If one defines the relative frequency W-% s the unit form of the
frequency spectra becomes

2
_s —42.6[v"'-0,385]
0) Sqpewi=2.2v e

ta
@) Spewi=30.0v"[1-0.7v oz vz 0.7

e —3m -2 (9.40)
(N} Sﬂzlvh%v Ce 16 5

B} S,,}zl:a} =
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TABLE 9.6
Sp2(v ) VERSUS v

B

N

Do

v Dy

; AR 0.058

0e2 - -

: ¥ 2,120

: 1.825 24125

- 1.896 Reall

s 0.0851 5% 1152 5

0.7 1,1230 ) 1168 2

0.8 7.1300 o 1155 o

0.8 92,1120 fies i i

1.0 [1.9129 i o1 o

5 = ouno it 0.272

g Oukdal 38 o1 i

1.3 0.1042 Os129 o5 o

1.h 0.0243 DA oLz i

1.5 0.005] A3 o 3

1.6 0,0013 0.183 ey o8

1.7 0.0003 Dels o110 55

1.8 0.0001 Dl 0138 o2

1.9 0.074h Qine o3

: e e 0.028

2.1 0.043 o 0.02

i o 0,025

2L 0,025

i 0.77h

2-5 077

” 0.B857 -
Q.57 o

& 3.09
) 9.50
5720 )] e
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If one is imterested in the probasbility distribution function
for frequency variability, it follows.

| 2
_s —42.6[v"'=0,985
©) pwi=6.38s e [ ]

2

(B, piv)=20.8" [1-0.7v""]
(9.11)
2 _Qr -2
P - ]
IN) ply) Eﬁs ) v - e 16

-4
(B) pivi= J/m v ie” %i;”

Table 96 gives valuss of S,2(v ) versusvfor various frequency
spectra.

Data from Table 9.6 are plotted in Figure 9.2 for the Dy, N,
and B spectra. It is of intersst to note the closeness between tha
Dy, N, and B spectra. When all three gpectra are in unit form, and
if the same mean wave height and mean wave period wers predicted
for each, there would be little disagreement between any of the three
spectra, except that the area. under D, is larger than that under
either N or B by a factor of 1.hk & 4/ . However, in standard form,
using the wind speed as a parameter, there certainly is considerable
disagreement between the various spectra as the wind speed changes.
Evidently methods of measuring wind speed and wave heights and
periods are critical factors.

f. Distribution of Pariods

Two definitions of wave periods have beah wsed, T, the wave
period by ereat-to-trough method, and T, the wave pariod by zero-
up crossing method, Fram (9.29) it is seen that the mean of these
two periods is related by a constant. From the analysis of the data
on wave period variability, Chapter IV, it appears that the same
digtribution function might apply for either method of analysis,
whence

pl?)d7 = pir)dr (9.42)
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where

?=% and T=—;"'

Actually the spectrum proposed by Newmann (1955) is assumed
%o be based on T rather than T, but these are interchangeable by
nuse of (9.29), The statistical parameters given in Table 9,3 for
N and B specurs and Figurs 9,] imply that these two distributions
are nearly the same, assuming zero correlation applies for either
spectra.

%« Mean Square Sea Surface Slope

The meart square sea surface aglope is given by

i © ,
ﬂ"?=-3-j:} k™ Su2 (T)dT, where

" (9413}
(=27 (27) =_a|__§¢ar}“
L " P
Thus
o)  o2«|03x10° %
2. R AAN
D) o2=9.0x 0 (g)
(9.4h)

) o= (56 x m'zlql

2
i F
8) o¥=(0,43) —L- [—-Inrmin—0.0ETl]

P2
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It is noted that o2 varies as U™ for Dyj U2, For Dp; U, for N;
and depends on gF/U2 for B when zero correlation exists, and bscomes
independent of gE‘_‘-""U2 for a fully developed sea.

The solution of (%.43) might also have been made by use of (9.16),
in which case one cbtains:

)  o%=0.268@w) —L

74T
a
(D,) c2=0 345(27)
. g2(ry’
(2.15)

7
(NG wP=0.85(2w) —H
g4 (T}

2
(B) =f"'=m.341{2wf[—lmmi,,-o.ﬁa:rl}—zﬂ(_-?
92 (T

It is important to note that all four spectra predict o2 in
terms of the same non-dimensional parameter, related to the square
of the wave steepness, and this is as should be expected. According
to (9.45),02 given by all four spectra might be interpreted as a
function of simge in general wave steepness is a function of
gFﬂT'E’. ?:q. 5’.1155 can be transformed inte {9.4)i) by use of (9.6)
and (9.%).

Whergas o€ pradicted from 29.1114] results in larger differences
for same measursd wind speed, o¢ predicted from (%.UL5) results in

legser diffarences for same measured wave heights and periods. [he
most n=arly correct spectrum, and slso forecas relationships 2

s
a matter of fact, is that which satisfies best o¢ from both (9.h44)
and (2.45), correspondingiy,

For Tpin = 0.1 (corresponding to Tpin = l.0-second for a 10-
second mean perdod or Tpin = U.5 second for a S-second mean period)
bo'l:.i? Hhax}:d B spectra predict almost identical values of o2 accarding
to (P.h5).
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Since u’zm = 0,1 all four spectra of (9.Ll) fail for some high

valua of H2/(T)4, prior to critical steepness of H/L = 1/7 for all
gravity waves. This should be sxpected, since (9.U45) appliss to a
fully develcped, or near fully developed sea, in which case eritical
steepness dces not exist, For a younger sea the general form of the
B spectra, including correlation, predicts ¢ = 0,1 coincident
with oriticel steepness for all gravity waves H/L = 1/7. For tha
family of B spectrac? as a function of H333T21;3 may be obtained
from Table 8,2 of Chapter VIII.

The above discussion is limited to gravity waves omly, Tpin = 0.074
second. According to the measurements of Cox and Munk (1956) it was
found that on the average the mean square gea gurface slope measurements
were about 3.3 times greater for a clean surface than for an oll slick
surface undar similsr meteorclogical conditions., It haa been inferred
by Cox and Munk (1956) and Meumarm and Pierson (1957) that the
measvrements from the slick surface represent only the pravity wave
components and that the clean swrface includes both capillary and
gravity waves.

Althouvgh the B spectra 1s not intended to include capillary waves,
it is tempting to assume that capillary waves mipght be included. For
if such an assumption is made, ome may investigate the contribution of
x2 dus to capillary wsves, since % is proporticnal to the negative
of In Tyin. For example, if Tpip = 0.0025 gecond (far into the
eapillary range) instead of D.uﬂ%ﬁ second, o2 will be increassd by

0.07h . 3.li. However, there is no extremely lower limit to which

ong might justifiably take Tpin, since at Tmin = O, the equation predicts
o- =00,

10, Reporied Data Suitable For Wave Spectra Compardsons

Reported data can be used to check the various proposed epectra,
provided thase data are applicable to conditions for which the spectra
are intended. Although same data are available and a comparison is
made with the various spectra, it must be emphasized that a concrete
conclusion in regard to the wave spectra is somewhat difficult.

Mean Square Ssa Surface Slope Measurements: Data are reported
on mean scuare sea suriace siope Dy ochooley (1954), Cox and Munk
(1956) anc. Farmer (1956).

Schooley's measurements were made in the Anacostia River. There
is some guestion as to whether contamination of the river surface had
any effect on the capillary wave components. The river fetech is very
shortd, and for the wind speeds experienced, cannot be compared with
the spectra for fully developed sea.
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Measuremants by Cox and Munk were made under two conditions,
rnormal clean ssa surface and a surface covered with oil slicks,
Measirements for the clean surface include components of o€ due to
capillary waves as well as gravity waves, whereas those for the oil
slick surface eliminate capillary wave effects., What other effects
the oil elick has on the processes between wind and sea are not
known., The measuraments were made for fetthes on the southarn side
of the Pacifie high, near the Hawaiian Islands, and in general the
fetches were on the order of 1,000 nautical miles. Darbyshire (1957),
however, pointed out that these measuremsnts were carried out in a
sea surroundsd by small islands and the actual fetch did not exceed
S miles, WNeumann and Pierson (1957), on the c¢ontrary, claim that
waves from the open sea could have passed through the gaps in the
islands by refraction and diffraction., Along with the measurements
of o2 Cox and Munk (1956) also report visual cbservations of
gignificant waves, heights within * 4 foot and periods within * %
second. These observations show that the effective fetch is preater
thar 5 milss. Evidently the waves generated over the long f'etches
are refracted and diffracted, and in addition, local wind generated
waveg are guperimposed thereon. A careful review of the wave
observations seems to point to the fact that this is the gase, For
some of the records the waves are predominantly swell, since the
corresponding winds are much too low to generate the reported waves.

The measuremente of Farmer (1956) were taken on the southern
side of the Bermuda high, buit there is some guestion as to an error
by a factor of four in the calibration. In general, Farmer (1956)
states that his measurements are in fairly good agreement with
those of Cox and Munk (1956),

From tne above it seemsz appropriate only to consider ths data
of Cox and Munk (1956). Figure 9.3 shows a comparison of o2 versus

[HBB,’T%_;-_;} 2 for the data and the various spectra. The Dy, Jo, and

N spectra show a linear relationship with respect toc the sguare of
the steepness parameter. The pensral form or family of B spectra
is used for {he corresponding 0-2, which are given in Table 8,2 of
Chapter VIII. The scatter of data is great and a very low degree
of correlation is found between cbserved and predicted -2 for any
of the four spectra. The overall mean of o2 is in closer agreement
to that predicted from the B gpeetra than from either Dy, Do, or N
spectra. It is not difficult to account for much scatter of the
data, since o2 is proportional to H33% and inversely proportional
to Tril 3+ Mean values of significant waves for these data are about
H33 = L feet and Ty/3 = L seconds. If these obssrvations are
within * £ foot and “* 3 second, the maximum range in scatter from
the computed o2 will be a factor on the order of 0.5 to 2.0, there-
fore, no conclusions can be made in regard to Figure %.3, sxcept
that all spectra ssem to predict o2 between the data for clsan
surface and that for slick surface,
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Figure 9. shows a comparison of o2 versug wind speed for the
data and the various spectra. 0Unly the data for the slick surface
are used, since all spectra are intended to exclude capillary waves.
For the date Cox and Munk (1956) present statistical linear relation-
ships for o versus wird speed for both a clean surface and a slick
surface. In case of the clean surface the relationship is very gocod.
For the slick surface there are two few data to place much confidence
in the linear relationship. In fact, the data appear to fit a curved
relationship egually well :I%P not better. The Do spectrum predicts a
parabolic relationship of o versus wind speed, but the curve is
reverse to that indicated by the data. The N spectrum predicts a
linear relasionship of o2 versus U in fairly good agreement with
the statistical least squares relationship of Cox and Mimk (1956) for
the data from slick surfaces. The family of B spectra predicis
curved relationships of o2 versus U for differemt fetch lengths, and
appears to be in fairly good agreement with the data, provided the
effective fatch is less than 100 nautical miles. The exact effective
fetch lengtns for oil slick surfaces applicable to these data are not
known. Based on both Figures 9.3 and 9.4, it is believed by the
present author that the order in which agreement is best between data and
spectra is B, N, Do, and Iy, recegnizing that opinions of cthers
may be N, By, Do and Dy, or some other crder.

Computed Eﬁﬂ.m From Data on Pmseﬂt SWOP: Project SWOFP,
Chase, Cote, s, Pierson, Bonne, Stephenson, Vetter, and Walden
(195'?5 is the first comprehensive project of its ldud for obtaining
the energy spectrum of waves under one particular meteorclogical sst
of conditicns, HNewmann and Pierson (1957) have concluded that the
measurements from project SWCF verifisd the Neumann spectrum, at
least for one particular wind speed of 18.7 knots. Darbyshire (1957),
although appearing to agree with the conelusions of Neumann and
Pierson, remarks that the situation may not necessarily be a typical
deep water one; the measwrsments were carried ocut at a peint
gpproximately 300 miles south of Nova Scotia and about 100 miles to
the southeast of the nearest poinmt on the 100-fathom line and
the waves nmight have oeen affected by the Gulf Stream. What actual
effects these conditions have on the distortion of the srectrum is
difficult %o assess, and is a problem for future studies., It is
the opinion of this author, however, since the measurements were
sufficiently remote from the major part of the Gulf Stream that 1ts
effect iz werhaps inslpnificant.

Figurs 9.5 shows comparison of the N and B spectra with the
data from 3WOP, where k = 99 seconds as used by Neumann and Pisrson

=

(1957)« In order to 'ﬂ.Bf-EI'nEl;rJ‘.I.E the B spectrum it is necessary that
F1 and Fo be determined. It is reported in SWOP that the significant
wave height was 0.6 feet, which ig also in apreement with that
predicted by the Neumann equation for an 18.7=knot wind. This
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corresponds to H = 0,625 (6.6) = L.l feet, from which F1 = gi/y2 = 0.133
and gH33/y2 = 0.213; from Figure 0.1 of Chapter VIIT this corresponds
to gF/y2 = 28,000 and {gT]_/ %f?wﬂ = l.13, and the minimum fetch length
is 142 nautical miles. It _ls seen that this corresponds to n=ar gero
correlation, whence Fp = ﬁ'l‘; = 1,13, For a correlation coafficient
rim, A) = 0,2, F» = 1,13 .ﬁl + 0.6 T = 1,065 and for r(n, }) = +0.h,
Fp = 1,02. Figure 9.5 for the B spectrum is based on r(n A) = 0,

Fj = 0,133 and Fp = 1,13, The area under the B spectrum is equal to
that under the N spectrum, (4/r)(H/2)2 , and this should be expected
since both spectra utilize the same value of H. The condition of fully
developed sea has not yet been reached according to the B spestrum.

For much greater feteh lengths and wind duration, Figure 8,1 would
predict Hg,g = 847 feet instead of 6.6 feet, in which case the area
under the B spectrum would be 1.7l times that for the N spectrum.

However, since H33 = 6,6 feet was reported, this value should be used
instead of 8.7 feet to determine Fy and Fa.

The arsa under the computed spectrum from data on project SWOP
is about 20 to 25 percent grester than that imder either the W or B
spectra. The peak of the computed spectrum is almost exactly verified
by the B spectrum, but if the computed spectrum is multiplied by 0.8
to make the areas under all curves equal then the peak of the N
spectrum is almost exactly verified. The high frequency end of the
eamputed spectrnm is almost exactly verified by the N spectrmm, but
if the computed spectrum is multiplied by 0.8 then the high frequency
end of the B spectrum is almost verifisd., It is reported by project
SWOF that a certain amownt of white ncise was presented and the data
had to be porrected accardingly. The greatest amount of white noise
is asaociated with the high frequency components. If the data had
been corrected for itwice the computed white noise instead of omly the
computed white noise, the area under the computed spectrum would be
very nearly squal to that under either the N or B spectra. In this
case the peak of the computed spectrum changes very little bul the
high frequency components change appreciably with the result that
the B spectrum iz verified almost exactly for all frequencies. It
appears that this would be the logical correction, since the B
spectrum for b.i.gl frequency verifies the work of Burling (195%) and
Phillips (1957)P.

There 1s a slight charce that correlation r{(m,A) is not zero,
since the relationship of gF/2vl (Figure 8.1) is extrapolated from
lower values of the fetch parameter. Perhaps the maximm value of
r(n,\) is less than +0,2, If this be the case, the peak of the B
spectrm is raised slightly and shifted toward high frequency
components. For r{n, A) = +0.} the peak becomes more pronounced
and ghifts further toward high frequencies, such as illustrated in
Figure 5,6, Actually, there is little difference between the B
spectrum for r{n,\) = 0 and r(n, A} = +0.);, since these cwves are
within the 95 percent confidence limits for r(n, A) = +0.2, Thus
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it is fair to assume the B spectrum faor r(7n,A)} = 0 is satisfactory
for the camparative test between the N spectrum and the camputed
spectrum. It was not intended to omit the Do spectrum from the data
?eag gor project SWOP, since this was covered by Neumann and Pierson
19 T -

It is only logical that this writer be inclined to stress

eference for the B spectrum, recognizing that Newmann and Pierson
gFST} prefer the N spectrum, and Darbyshire (1957) the Do spectrum.
One important fact, however, which is in apreement with all concerned,
is that the family of B spectra is one more theoretical expression to
be tested for use of fubure data. For such a test to be made, the
correlation coefficient v(7m, %) as well ag H and T (or A B and k)
must be determined.

11, Comments on Decay of Wind Generated Gravity Waves

When waves decay in deep water the longer period waves travel
faster and farther than the shorter period waves. In this process
the steepness decreases and the correlation rotates to greater positive
values, The general form of B spectra still applies, since now H and
T are functions of the deecay parameters instead of the feteh parameters.
The uwnit form of the B specira again becomes peaked and narrow, since
the area under the ourve is still 4/w (H)2, However, sinee T1/3
increase and H33 decrease with the increased decay distance the aresa
under the curve as well as the peak decreases for the standard form
of the B spectra. At a particular dscay distance the peak of the B
spectra increases with time, since the mean wave period decreases
with time, Theoretzically for a fixed decay distance the mean period
should decreasn to its original value in tha fetch area after a time
equal to that required for the shortest period waves to be propagated
to the fixed decay distance. However, since the small heights
contributing to the mean in the fetch area will have been attenuated
beyond measurement, the mean period at the fixed decay distance will
naver decrease to g value as low es that in the fetech area,

When deep water waves are propagated over shallow water, the
long pericd waves feel bobttom first and become attemmated, resulting
in a shift of energy to lower wave periods, opposite to the shift of
energy for decey of deep water waves over deep water. Observations
in the Culf of Mexico indicate a decrease in significant wave period
shoreward from deep water for onshore winds. This causes a rotation
in correlation ccefficient from positive to zero in deep water
toward negative in shallow water.

The final distribution of waves and the wave spectra depend on
the initial corditions at the end of the fetch and in the fetch, and
the method in which decay takes place., Refraction and diffraction as
well as possible breaking waves will also contribute to the form and
ghape of the wave spectrum at the end of a decay distance. This
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problem, however, is far from being scolved at present. Figure 9.7
iz an illustrative scheme shich might be worthy of fur<her con-
siderations, This figure depicts a steepness parameter, H33/T1/32,
[[/(T)2 coula also be used)| as a function of rotation of the
repression line of H on T2, ~ The curves for the deep water decay
zone result fram descaying over deep water elements of the joint
distribution funetion for zerco correlation. The dscay function
from Sverdrup and Munk (1947) was used, although same other
calibrated decay function might have been used. A whole family of
such curves exist, depending on ths stage of gereration when decay
cammences. Curves for the shal low water wave zone result from
decaying over shallow water elements of the Joint distribution
function for zero correlation, talking bottom friection into account.
Use was made of the dissipation function originally prasented by
Putnam and Johnson (1949), and applied by Bretschneider and Reid
{(1954). Only one condition wasg investigated, and that was for a
bottom of constant depth. Evidently a whole family of such curves
exists for a bottom of constant depth, and perhaps relationships are
possible for a bottom of constant slope, or for the Continental Shelf
area. Computations as well as the data show that rotation of
correlation is positive for waves decaying in deep water and negative
for shallow water. If the initial correlation is positive, say for a
very young sea or for deep water swell, it is also possible to obtain
zero or negative correlation when further decay takes place over
shallow water, Such conditions are expected over the Continental
Shelf area,

A forscasting method is desirable which will prediect not only
the characteristic heignts and periods but alsec the ecorrelation
coefficient, Such a method wonld permit the detemination of the
mean wave period of the highest p-percent wave heights. In this
respect the Joint distribution function is equally as important as
the wave spectral functiony In fact the joint distribution function
may be more desirable, since the wave spectral function evolves from
the joint distribution function, whereas the converse might not be
possible. Ferhaps a filter technigue, similar to that utilized by
Pierson, Neumarm, and James (1955) might be quite useful, However,
any of the above msthods, whether used individually or colleetiwvely,
require refinements and calibration, using reliable wave data. It
is believed that in future analyses of wave data much might be gained
by determining correlation coefficients as well as characteristic
waves and energy gpectra.
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SYMBULS

A wave amplitude, also used as a comngtant

a congtant, = 0,927

B constant

C wave celerity, also used as a constant

Co deep water wave celerity

Cg wave celerity in shallow water

Ci, Cpy G3 constants

Cg group velocity of waves

d water depth

E wave enargy

Bi(x) exponential integral

F fetch length

Fy ef/u?

Fa gi/2ny

15 9 functions

£y frequency of ceccurrence of data for class i

g accelsration of gravity

H wave height (STANDARD FORM)

Hy individual wave height

i mean wave height

Heo mesnn of highest 50-percent wave heighte

Hyy mean of highest 1/3 wave heights or significant wave
height (also Hj /)

Hyip mean of highest 10-percent wave helghts

Hy mean of highest l-percent wave heights
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Hpax maximum wave height and also most probable maximm

height
k = 27/L wave mmber, and also
k = 96/2+ seconds for computed spectrum
K, £y constants
L wave length (STANDARD FCRM, used in terms of L = T2, sec?)

Lo = g1%/27  deep water wave length

Lg wave length in shallow water

Lg individual wave length {used in terms of 1i = T42, sec?)
) A mean wave length {used in terms of 1= -';é}

Leg nean of longest SC-percent wave lsnpgths

L33 mean of longest 1/3 wave lengths

Ing mean of longest lO-percent wave lencths

Iy mzan of longest l-percent wave lengths

Lonax maximum wave length, also most probable maximum length
M mement

My nth moment abouwt origin

m slope in equatdon ¥ = mx + b

N total number of waves in a record

n orcer of data fromn=1 ton=N

nl, ng degrees of freedom

P used to denote cumulative probability

P used to denote probability density

p{m), p(H) probobility denzityr of wave height
p(A), p(L) probability density of wave length
plr), p(T) probability density of wave period
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{m,x)s pln,7)
E(E,L): p{E:T),

Pﬂ(ll, D y{n)
q'y 95 9", ©
S0 Sy
S1s 5,
Srs Sy

S
8,2 (A)
5.,?2(1'}
5.,,2(1#,"
8y2(T)
S2(w)

T

Jjoint probability densities

conditional probability functions
related to wave energy

standard deviation of wave height
standard deviation of wave length
standard deviation of wave period

summation functions, also A-spectra of 7, n~specira
of A, and r= spectra of 5, respectively

A =spectra of 72

T=spectra of 172
v-spectra of '.qz

perdiod spectra (of 1)

frequency spectra (of #2)

wave period (STANDARD FORM, crest to trough method)
individual wave period

mean wave period (crest to trough methed)

sigrificant wave period, period of highest 1/3 wave
heights

apparent wave period (zero-up crossing method)

mean apparent wave period (zerc-up crossing method)

optimam peried (for peried spectra)

time or duration

gurface wind speed

gradient wind speed

horizontal particle weloeity, also used in
expressions for gamma and normal dis-

tribution functions, and for change of
variable
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"t

%3

AP
AR

n = H/E

T {xp)
T g0)

n(M43)
(M)
7 Aq)

Mpax!

8‘-‘1'11 -l

N = 1/T=12/g2

o)
750/
M733)

vertical particle welocity, also used for change
of wvariable

horizental distance, also used in differential dx

used in change of variables

constant 7.l10™3

e gy for sars Mgty Sefiei, Sha
period, respectively

gamma functien

increment of A

element of energy for camputed spsctrmm

gpectral widih parameter

wave height {NORMAL FORM)

mean of highest p-percent heights

mean height of longest p-percent lengths

mean height of longest SC-percent lengihs

mean height of longest 1/3 lengths

mean height of longest 1O-percent lengths

mean height of longest l-percent langths

aeight of longest wave length

segression line of Mon A

phase position

wave length (NCAMAL FORM)

mean of longest p-percent lengths

mean langth of highest p-percent heights

mean length of highest SU-percent heights

mean length of nighest 1/3 heights

=1



»(m10)
Al )

o2

T = T/T
%)
(")
T(n33)
{My0)

3622 096

mean length of highest 1C0-percent heipghts
mean length of highest l-percent heights
length of highest wave

regression line of A on 7

wave frequency (NOEMAL FORM)

elavation of wave surface and is a fumtion of
phase position

3.1426

mass density of water; trus valve of correlation
coefficient

mean square sea gurface alope

wave period (NOGMAL FORM/

mean period of highsst p-percent heights
mean period of highest 50-perceat heights
mean period of highest 1/3 heights

mean period of highest lU0-percemt heights
mean perled of highest l-percemt heights
period of highest wave

optimm period (7 -spectra of 12)
probability integral

angular frequency (NURMAL FORM)

optimm frequency (w -spectra of 12)
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